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In this work, we propose the concept of complementary lattice arrays in order to enable a broader range of designs

for coded aperture imaging systems. We provide a general framework and methods that generate richer and more
flexible designs compared to the existing techniques. Besides this, we review and interpret the state-of-the-art uni-

formly redundant arrays designs, broaden the related concepts, and propose new design methods.
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1. INTRODUCTION

Imaging using high-energy radiation with a spectrum ranging
from x-ray to y-ray has found many applications, including
high-energy astronomy [1,2] and medical imaging [3-5]. In
these wavelengths, imaging using lenses is not possible since
the rays cannot be refracted or reflected, and hence cannot
be focused. An alternative technique to do imaging in this spec-
trum is to use pinhole cameras, in which the lenses are replaced
with a tiny pinhole. The problem in these cameras is that the
pinholes pass a low intensity light, while for imaging purposes,
a much stronger light is needed. Increasing the size of the pin-
hole cannot solve this problem as it increases the intensity at the
expense of decreased resolution of the image. Coded aperture
imaging (CAI) is introduced to address this issue by increasing
the number of the pinholes. A coded aperture is a grating or
grid that casts a coded image on a plane of detectors by blocking
and unblocking the light in a known pattern, and produces a
higher signal-to-noise ratio (SNR) of the image while maintain-
ing a high angular resolution [6,7]. The coded image is then
correlated with a decoding array in order to reconstruct the
original image. The deployment of pinholes and the decoding
array are usually jointly designed to make the reconstruction
perfect or near-perfect. Figure 1 gives a schematic diagram
of a CAI system. We emphasize that the theory’s physical as-
sumptions are: (1) each radiating point in the object produces
an image with a constant magnification of the aperture; (2) the
radiation is isotropic with respect to the detector area. Coded
aperture designs for cases where (1) and (2) are violated have
also been studied, for example in [8].

1084-7529/16/040001-01 © 2016 Optical Society of America

A coded aperture is usually defined based on an integer lat-
tice, and can therefore be modeled as a two-dimensional array.
For generality, we define the encoding array Cley, ¢y, -+, ¢,),
€1, €2+, ¢, € Z, as an n-dimensional array with complex-
valued entries and

Cley, = +5¢,] =0,
(croore,) €10, L; =1]x---[0, L, - 1].

For simplicity, Cley,--+,¢,] is also denoted by Cla], where
a=c;, -+, c,|” €R" The decoding array D can be defined
likewise. The set from which the elements of the aperture arrays
take values from is referred to as an “alphabet.” In coded aper-
ture imaging, a physically realizable coding aperture usually
consists of binary alphabet, where 0 and 1 respectively represent
closed and open pinholes. A complex-valued array C can
be constructed by properly combining multiple coded images
obtained from different aperture masks [9,10]. We show that the
number of {0, 1} masks needed to build an NV-phase alphabet set
is BN -1)/2 for odd NV and N for even N. The calculations
are based on the following facts: implementing a root of unity in
the form of x + 7y, xy # 0(i* = -1) requires two masks, a pair
in the form of (x + 7y, x - iy) or (x + 7y, -x + #y), xy # 0 re-
quires three masks, and 1, -1, 7, -7 each requires one mask. In
this work, we assume that the elements of an aperture could be
unimodular complex numbers. In the future, the development
in the hardware technology may make the implementation of
the spatial phase modulators possible for y-rays, which can lead
to realizable complex-valued physical masks. In that case, if both
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Fig. 1. Tllustration of the CAI system.

coding and decoding systems use such masks, an analog
reconstruction could be obtained.

For a planar object that is projected onto a gamma camera
through a coding aperture, the object is perfectly decoded if
C % D = mé[r], where * denotes the convolution, 7 is an
integer, m < @ withw = L, L, - -- L, being the number of pin-
holes, and d[7] is the discrete delta function, which corresponds
to an array with 1 centered at the origin and 0 elsewhere [3,7].
The value of m is also called “the SNR gain,” and larger m2s
correspond to a better reconstruction quality.

The designs of the coded apertures are connected to the
concept of “autocorrelation.” The autocorrelation can be
defined in two different ways: periodic and aperiodic, and both
of them can be used in the design of the coded apertures
through different approaches, as will be pointed out later in
this paper. One is “aperiodic autocorrelation.” The aperiodic
autocorrelation function A€ (+) is defined as

Ay, uv) = D Clep o 0,]Cley + 01,56, + 0,

1,00, EL

where vy, v, -+, v, € Z and ¢ is the complex conjugate of c.
The periodic autocorrelation will be defined later in the paper.
By choosing D = C~, where C[cy, -+, ¢,] = Cl-cp, -+, -¢,),
C % D gives the autocorrelation of C.

Nonredundant arrays (NRAs) have been introduced to
arrange the pinholes in CAI since they have the property that
the aperiodic autocorrelations consist of a central spike with
sidelobes equal to one within certain lag (range of the argument
vy, v+, v,) and either zero or unity beyond the lag [11].
Pseudonoise arrays (PNAs) [12] are another alternative, whose
periodic autocorrelations consist of a central spike with -1 side-
lobes, which lead to designs of a pair of arrays such that their
convolution is a multiple of the discrete delta function [13].
Twin primes, quadratic residues, and m-sequences are examples
of PNA designs. NRA- and PNA-based designs are both re-
ferred to as uniformly redundant arrays (URAs) [7,13,14].
However, the sizes of the URA structures are restricted and can-
not be adapted to any particular detector [2,15]. Besides this,
the SNR gain for URAs is limited to @/2 [7,16-18]. Other
designs that have also been used in CAI are geometric design
[19] and pseudonoise product design [20], but they are also
available only for a limited number of sizes—the former design
is for square arrays, and the latter one requires that pseudonoise
sequences exist for each dimension.
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Though it is generally hard to find a single pair of coding 109
and decoding arrays, it might be easier to find several pairs that 110
act perfectly while combined together. Based on this idea, we 111
look for a broader range of designs for the coding arrays in this 112

paper. We show that the aperture can be customized to any 113
shape (boundary) on any lattice, satisfying various demands 114
in practical situations. Our work is inspired by the Golay 115
complementary arrays, which are defined as a pair of arrays 116
whose aperiodic autocorrelations sum to zero in all out-of- 117
phase positions. They have been used for pinhole arrangement 118
in order to obtain the maximum achievable SNR gain, 119

while eliminating the sidelobes of the decoded image [3]. 120
We note that there is a natural mapping between a pair of 121
Golay complementary arrays, say C; and C,, and a CAl system 122

consisting of two parallel coding/decoding apertures, as illus- 123
trated in Fig. 2, where D; = Cj, D, = C;. When an object 124
goes through the system, the sidelobes are completely canceled 125
out by adding the two decoded images. 126

Though an aperture is usually defined based on an integer 127
lattice, we consider the design problem in the context of a 128
general lattice, naturally arising from practical implementa- 129

tions. For example, usually the distance between two pinholes 130
should be no less than a given threshold due to the physical 131
constraints. It has been shown by Fejes [21] that the lattice 132

arrangement of circles with the highest density in the two- 133
dimensional Euclidean space is the hexagonal packing arrange- 134
ment, in which the centers of the circles are arranged in a hex- 135
agonal lattice. Thus, given the minimal distance allowed among 136
pinholes, the most compact arrangement (which corresponds 137
to the largest possible SNR gain) is hexagonal lattice. 138

The outline of this paper is given below. In Section 2 we 139
briefly present related work on Golay complementary array 140
pairs which are based on aperiodic autocorrelation, and then 141
propose complementary lattice arrays and other related new 142
concepts, such as the complementary array banks. This general 143
framework leads to the new concept called multichannel CAI 144

systems, which extends the classical CAI systems. We provide 145
the concept, theory, and the design methodology. Due to the 146

reasons mentioned before, our examples are mainly based on 147
two-dimensional hexagonal arrays and unimodular alphabets, 148
which consist of unimodular complex numbers. Nevertheless, 149
the methodology given in this work could be further general- 150
ized to higher dimensions. In Section 3 we review the URA 151
literature that is mostly based on periodic autocorrelation. We 152
further generalize the related concepts in Section 4 in a similar 153
fashion. This leads to a new class of aperture designs that exist 154
for sizes for which URAs do not, while having the desirable im- 155
aging characteristics of URAs. In Section 5, we provide computer 156
simulations demonstrating the performance of our schemes. 157

— i il >—
G G
Fig. 2. CAI system with two parallel channels: a planar object is the ~ F2:1

input to the coding apertures C;, C,, and a decoded image is the out- F2:2
put from the decoding apertures C7, Cj. F2:3
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2. CONCEPT, THEORY, AND DESIGN OF
COMPLEMENTARY LATTICE ARRAYS

A. Golay Complementary Arrays

In this section we briefly introduce related works on Golay
complementary array pairs. Golay [22] first introduced
Golay complementary sequence pairs in 1951 to address the
optical problem of muldslit spectrometry. These sequences
were later used for many other applications, including horizon-
tal modulation systems in communication [23], orthogonal
frequency division multiplexing [24], Ising spin systems [25],
and channel measurement [26,27]. Barker arrays, which are
closely related to complementary array pairs [28], are a {1}
binary array C such that for all v, -+, v, € Z, (v1,--+,v,) #
0,---,0),

[AC (01, -+, )| < 1. U]
Another related concept is the NRA, which also satisfies the
condition (1). Its only difference with the Barker array is that
it is {0, 1}-binary.

Golay complementary array pairs address the scarcity of
Barker arrays and NRAs. The basic idea of Golay complemen-
tary array pairs is to use the nonzero part of one autocorrelation
to “compensate” the nonzero counterpart of the other [22].
Specifically, a pair of arrays C; and C, of size Ly x -+-x L, is
a Golay complementary array pair, if the sum of their aperiodic
autocorrelations is a multiple of the discrete delta function, i.e.,

ACI(Ul,...)Un) +AC2(1,1)...,1,”) =0,

for all vy,--+,v, €7, (vy,--+,v,) #(0,---,0). The initial
study of Golay complementary sequence pairs (7 = 1) was
for the binary case. Binary Golay complementary sequence
pairs are known for lengths 2, 10 [23], and 26 [29]. It has been
shown that infinitely many lengths could be synthesized using
the existing solutions [30]. Specifically, binary Golay comple-
mentary sequence pairs with length 2%110%226% exist, where
ky, ky, k5 are any nonnegative integers. Besides, no sequences
of other lengths have been found. Later on, larger alphabets
were considered, including 2”-phase [31], N-phase for even
N [32], the ternary case A = {-1,0,1} [33-35], and the
unimodular case [36]. Here, an alphabet 2l is called V-phase
if it consists of N'th roots of unity, i.e., A = {£: ¢V = 1}; it s
unimodular if A = {{: |{] = 1}.

In 1978, Ohyama et al. [3] constructed binary Golay com-
plementary array pairs (7 = 2) of size 251 x 2%, The size is
then generalized to 2k110%226% x 2k410%526%, where /ej’s,
j=1,---,6 are any nonnegative integers [37,38].

We look for broader concepts and designs than complemen-
tary array pairs. The examples provided in this paper are for
the two-dimensional case, but they can be easily generalized
to higher dimensions. We start with the definitions in the fol-
lowing subsection.

B. Definitions and Notations

Definition 1 A lattice in R” is a subgroup of R”, which is gen-
erated from a basis by forming all linear combinations with integer
coefficients. In other words, a lattice & in R” has the form

Vol. 33, No. 4 / /Journal of the Optical Society of America A 3

L= {Z ceilc; € Z},
=1
where {e;}”_, forms a basis of R”.

For example, the integer lattice Z? is generated from the
basis e; = (1,0), e; = (0,1). The hexagonal (honeycomb)
lattice A, is generated from the basis e; = (1,0),
e, = —%, 73) A classical array is based on an integer lattice.
We now give the definition of an array that is based on a general
lattice.

Definition 2 Let £ be a lattice. A lattice array C**¥ de-
fined over alphaber N and with support Q is a mapping
C[[]: 8 = U, such that Cla] = 0 for all a & Q and Cla] € A
Jor all a € Q, where Cla] is the entry at location a. The number
of the elements of Q (array size) is denoted by |Q|. We denote
CYYN by C when there is no ambiguity.

The following terms are made to simplify the notations.

¢ Define C*%2¥%{t} as the shifted copy of C¥*¥ by ¢
(for t € ®), if
CEeT M ila) = C¥*Ma-1], Vael

For brevity, C*%*+5%{¢} is simplified as C{t}.

e Assume that the two arrays C)lz’gl’?l' and Cf’gz’% are
based on the same lattice £, but not necessarily on the same
area. The addition of C; and C,, C = C| + C,, is an array

whose entries are the addition of corresponding entries in C,

and C,, i.e.,
Q=0Q, U, Cla] = C\[a] + C,ld],
* A set of arrays (Y

le anZ =@, Vm,m€,2,---, M, m # m,.

VaeQ

,,,}M 1 . if
m=1 aIr¢ nonoverlapping 1

Definition 3 Assume that the lattice & is generated from {e;}"_,.
The aperiodic autocorrelation function is

AC(UI) ) Un) = ZC[a]C[a + e+ + ”nen]’

acQ

Jor vy, vy, -+, v, € L. The aperiodic cross-correlation function

ACC2() of two arrays C and C, is
ACC (v, e, 0,) = ZCl[a]CQ[a +vie + -+ v,e,l
acQ
Sometimes, A (-) and A“C2(.) are respectively denoted by C
C™ and Cy x C.
Definition 4 A complementary array bank consists of pairs

£,Q4,,A L2,Q,,, A\ M
(™, D™ ) Yot Such that the sum of the cross correla-
tions is a multiple of the discrete delta function,

M M
> CuD, =) ASPn() = wilr],
m=1 m=1

where @ is a constant. M is called the order, or number of
channels.

Remark 1 There is a natural mapping between a complemen-
tary array bank, say {(C,,, D,) Y1\, and a CAI system consisting
of M parallel channels, each of which consists of a pair of coding
and decoding apertures (Fig. 3). When a source image comes, it is
coded and decoded through M channels simultaneously, and is
then retrieved by simply adding the decoded images from all the

channels. The multichannel CAI system proposed here provides a
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C, =>» D

Cz — DZ_

\ SRSRS
CM _> DM_

Fig. 3. CAI system with M parallel channels: a planar object is the
input to the coding apertures C, - - -, Cj7, and a decoded image is the
output from the decoding apertures Dy, -, D).

generalized solution to CAI design, by including a classical CAI
system as a specz'a/ case. In the remaining part of Section 2, we
mainly study the complementary array sets, which provides insight
into the theory and design of complementary array banks in
general.

Definition 5 A set of arrays {C, o }m | s a complemen-
tary array set if the sum of their aperiodic autocorrelations is a
multiple of the discrete delta function, i.c.,

M
> A w0 0,) =0, (2)
m=1

Jor all vi,vy,--+,0, €L, (v, -, v,) #(0,---,0). A Golay

complementary array pair is the special case when M = 2.

Remark 2 In practice, the pinholes on an aperture only change
the phase of a source point. Therefore, we assume a unimodular
alphabet by default. It is clear that if a set of nonoverlapping arrays
are based on unimodular/N-phase alphabets, the addition of
them is also based on an unimodular/N-phase alphabet.

The autocorrelation of any array is the same as that of its shifted
copy. This is because for any vy, -+, v, € L, t € &, we have

AC{t} (7}1’ Tt ”n) = Z C{t}[a]C{t}[a + vie; +eeet Vnen]

acQ+t

= Y Cla-f]Cla-t+vie; + -+ v,e,]
acQ+t

= ClalCla+vie, +-+ v,e,]
acQd

=A%y, -+, v,).

Furthermore, if {C, M| is a complementary array set, then
{C,At, )Y\, Y t, €L absoforms a complementary array set.
In other words, a comp/ementmy array set is “invariant” under
shift operation.

Based on a unimodular ﬂ/p/mbet, a complementary array set
{C, Y1, satisfies > M| A“(0, -+, 0) = M|Q|. Thus, the sum
of the autocorrelations can be written as a multiple of the discrete

delta function: Y M_| C,, % C,, =S M | A% () = M|Q|d[r].

C. Motivating Design

In Ohyama et al.’s design, £ is an integer lattice, and the num-
ber of complementary arrays is M = 2. The design consists of
two steps:

* First, choose the following complementary sequence pair:
G =[1 1} G, =[1 -1} @)
¢ Second, design complementary array pairs of larger sizes
in an inductive manner. Assume that we already have a com-
plementary pair Cy, C,, with C, % C] + C, * C; = 2wd[r],
where @ is constant. Let
Ci = Ci{ti} + Cola), Cy=Ciiti} -Gl (4)
where the shifts #; and #, are arbitrarily chosen.

The validity of the construction Eq. (4) is clear from the fact
that

Ci#Cr = Cifty} * Ci{er} + Coltr} * Colty}
+ Ciit1} = Colty)” + Coftn} x Ciiny ),
Cr % Gy = Ci{ty} * Cil{ty} + Colty} * Coftn}
- Ciltr) * Cofty} - Colta} x Cilny )
and thus,

CrxCi+ Cyx Cy=2(C (e} x Ciity ) + Colty} x Cafty})
=2(C1 % Ci;+ Cyx Cy) =4wdr]. (5)

In practice, #; and #, are chosen properly so that C1{#;} and
C,{z,} do not overlap, which guarantees that C, and C, are
still based on unimodular alphabets. For example, after apply-
ing Eqgs. (4) to Eq. (3) once, we have two possible complemen-
tary array pairs:

C,=[1 1 1 -1},

or

e Y A A A
The process of design is also illustrated in Fig. 4. By repeated
applications of the above design process, complementary pairs
of size 251 x 2% (for any nonnegative integers &, k,) can be
designed.

Inspired by the above design for complementary array pairs
on integer lattices, we look for a “seed” [similar to Eq. (3)] and
a related scheme to “grow” the seed [similar to Eq. (4)] for
the design of complementary hexagonal arrays. Admittedly,
we build a simple mapping between two-dimensional arrays
on an integer lattice and a hexagonal lattice (or other lattices)
below,

Cy=[1 1 -1 1] ()

25 ()5 9 b Oh
CL’Q’H[CI k e51 + %) *k 8:2] = C‘L Q2 ’2[[6'1 k elf + ) k 8127],

@
The second way:
The first way: L ‘
e EEEE BEOFE
e o I =
K C R 1 X ey = W v
— |+
Fig. 4. Illustration of the design of complementary array pairs on

integer lattices.
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for all ¢, c; € Z, where the superscripts s and 4 respectively
denote integer and hexagonal lattices. Under the above map-
ping, a set of complementary arrays on an integer lattice are
still complementary on a hexagonal lattice. This is due to
the fact that the autocorrelation of an array is only with respect
to the coefficients ¢y, ¢,. Nevertheless, the lattice array naturally
arises from practical designs. Consider the scenario where a
two- (or three)-dimensional coded aperture is to be built that
has pinholes arranged on a certain (suitably chosen) type of
lattice, which adapts to a particular physical aperture mask.
The designs preferably are based directly on that lattice instead
of the mapping to an integer lattice (with zero elements padded
in various regions) first and then mapping back to the
original one.

D. Design for the Basic Hexagonal Array of Seven
Points

We first study a very simple hexagonal pattern that acts as a
“seed.” It is an hexagonal array of seven points, which is shown
in Fig. 5. After that, we consider possible ways to “grow” the
seed.

We start from considering the existence of hexagonal com-
plementary array pairs, i.e., the order M is 2.

Theorem 1 For the basic seven-point hexagonal array, there
exists no complementary array pair with a unimodular alpha-
bet (Fig. 6).

The proof is given in Appendix A. One may be further in-
terested in the existence of a hexagonal complementary array
pair if the basic array does not have the origin 0 (Fig. 7). In
fact, it does not exist, either.

Theorem 2 For the array in Fig. 7, there exists no hexagonal
complementary array pair with a unimodular alphabet.

The proof is given in Appendix B. The nonexistence of
complementary array pairs for the array in Fig. 5 motivates
us to further consider higher-order M. We use the notation

0
o

Fig. 5. Basic hexagonal array with seven points.

Fig. 6. There exists no seven-point hexagonal complementary pair

with unimodular alphabet.

G G
aRoloRe

Fig. 7. Basic hexagonal array with six points.

of “design parameter” for brevity. For a particular array pattern,
if there is a complementary array set with M arrays and
an N-phase alphabet, the pair (M, V) is called its design
parameters. Furthermore, if the size of each array is equal
to L, we refer to the triplet (M, N, L) as its design parameters
whenever there is no ambiguity.

Fortunately, complementary array triplets with a unimodu-
lar alphabet exist. In fact, we have found more than one design
with (M, N, L) = (3,3,7). The following is an example.

Design 1 Let { = exp(i2n/3). Let

Ci={iey C=lee G ={al

denote the entries of three hexagonal arrays shown in Fig. 5.

Then
{ainy = 15020300, ¢%,
iy = G102 0L80.01,
{ae)feo = 11,00 0L 00,01
Jform a complementary array set (Fig. 8).
We have also found more than one design with

(M,N,L) = (4,2,7). The following is an example.
Design 2 Let

Cr={afice  Co=Uilico
Cs ={afiep  Ca = {wilis,
denote the entries of four hexagonal arrays shown in Fig. 5. Then
iy ={L1L,-1L,1,1,-1,1}
Dl =L L1111, 13
{z1)_, = {1, 1,-1,1,-1,1,1},
{we_y ={L1,1,-1,1,-1,1}

Jform a complementary array set (Fig. 9).

OSSN
000!60 01050
000la00la06

Fig. 8. Complementary triplet with three-phase alphabet, i.c.,
(M,N,L) = (3,3,7), where C/e is represented by 4, for £ =0, 1, 2.
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6e0/620
080650
oNNao
osole=0
eaclode0

Fig. 9. Complementary quadruplet with two-phase (binary) alpha-
bet, i.e., (M, N, L) = (4,2,7), where 1 is represented by =+.

E. Methodology for Designing Larger Arrays

We now consider how to “grow” the seed that we have found in
order to design more and larger arrays. If + and * are respec-
tively considered as addition and multiplication operations,
then Egs. (4) and (5) can be written in symbolic expression,

C = HC{z}, 9)

CTC = C{ey"THTHC{s}- = 2C{t}7 C{z},

where
. C . Ci
c-[8] e-[2]
C, C;

H— {1 1 }) Clr) = |:C1{t1}:|,
1 -1 Co{ty}
and H is the conjugate transpose of H. The key that € re-
mains to be a complementary pair is that H satisfies
HTH = 2I, i.e., H is a Hadamard matrix. This observation
could be generalized to the following result.

Theorem 3 Let U = [u,)ars be a unitary matrix up
to a constant, ie, UTU = cI, where ¢ > 0. Assume that
{ Cf’gk’m}i/[:l is a complementary array set. Then, (C, M is
also a complementary array set, where

(10)

M

; 2 : £,Q+1;,2
Cm = Upfe * Ck e {tk}’
k=1

m=1,2-,M,

ty, ty, -ty are arbitrarily chosen, and u- C is an array that
multiplies each entry of C by the scalar u.

Proof 1 Define a vector space on 2 (it is not necessarily a
field) with the addition operation + defined in Definition
2, and the variables

C 1 Ci{t}
: and C{z} = :
éM Coltn}
Define a quadratic form with the multiplication operation * de-
fined as the convolution. The sum of aperiodic autocorrelations of

{Cm}]n\le is

C =

Research Article
M A A A A
> C,xC,=CTC =Cr)TUTUC(t} = cCle}T Cley
m=1
M
=c)  Cultu}* Coitn}
m=1

M
=cY C,*C,=cMawdlr] (11)

m=1

Remark 3 We are interested in the following special case where

1. W is an N-phase alphabet;

2. U is the Fourier matrix: Fyr = [, vrar For =
exp{i2z(m - 1)(k-1)/M};

3. The shifted arrays Cf’gﬁtk’?l{tk}, k=1, M do not
overlap. The complementary array set {C /e}g’[: | with design
parameters (M, N, |Q|) (if |Q] = |Q|, k= 1,-+-, M) becomes
(C WL with design parameters (M, lem(N, M), M|Q)) ac-
cording to Theorem 3, where lcm stands for least common multi-

ple. Besides this, we have c = M, @ = |Q| in Eq. (11).

Theorem 3 provides a powerful tool to design more complex
complementary arrays, which will be illustrated in
Subsection 2.F. For future reference, we also include the
following fact.

Remark 4 Assume that CV, .., CX) gre K complementary
array sets on the same lattice, and the set C*®) has design param-
eters (M, N,), Yek=1,---,K. Then, it is clear that
C=CYU---UCP can be thought as a new complementary
set with design parameters (3K My, lem(Ny, -+, Ng)).

F. Example—Design for the Hexagonal Array
of 18 Points

The basic hexagonal array of seven points studied in
Subsection 2.D contains two layers, with one and six points,
respectively. We now study the hexagonal array that contains
one more layer (shown in Fig. 10). The design for this hexago-
nal array is not very obvious, so we delete the center element,
ie., layer 1. (In fact, designs always exist for an arbitrarily
shaped array, as will be discussed later. We delete the center
point primarily for a cute solution.) The remaining 18 points
are grouped into six basic triangular arrays: Cy, C,, C3, Cy,
C}, C3, which is shown in Fig. 11.

This motivates the design of complementary array triplets
for the basic triangular array shown in Fig. 12, where ¢ ks rep-
resented by 4 for £#=0,1,2, { = exp(i2x/3). In Fig. 12,

Fig. 10. Hexagonal array with three layers (19 points).
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C, D Design 3 Let 417
D - (G [Cite]
— Cy Ciita}
G == C Ci{t
\ <:> o R ) 2{3}’
D D c o Cltg)
3
a%5% ARE"
L) el e
2
G’ where t, -, tg are such that C\,---, Cg are arranged to form 418
F11:1 Fig. 11. Hexagonal array with layer 2 and 3 (18 points). a /Jextlngmlé array of 18 points, as is shown_in Fig. 11. 419
Then {C,,}—1 forms a complementary array set. The design is 420
also shown in Fig. 13, where C/e is represented by k, for 421
k=0,---,5, ¢ = exp(i2n/06). 422
@ @ @ G. Complementary Array Bank 423
@ @ @ Up to this point, we have assumed that the coding array C and 424
@ @ decoding array D are related via D[r] = C[-7]. The design of 425
5 c CAI thus reduces to the design of complementary array sets. 426
G 2 : Then we extend the autocorrelation to cross correlation, and 427
; the design of complementary array sets is accordingly extended 428
0 0 0 /- to that of complementary array banks. The following resultisa 429
= 2 =\ 1 : 0 generalization of Theorem 3, and its proof is similar to that of 430
1 2 0 )— Theorem 3. ) 431
= = ) Theorem 4 Ler ® = [0,,,], @ = [¢,.] € C**M be two ma- 432
& G Gs trices satisfying OT® = cI for some positive constant c. For a 433
F12:1 Fig. 12. Basic triangular complementary array triplets with three- given lattice &, suppose f/f\ﬂt 1(C D/e)}i’il is a complementary 434
F12:2  phase alphabet, i.c., (M, N, L) = (3,3, 3). array bank. Then, {(C,,, DY is also a complementary array 435
bank, where 436
M M
413 {Cy, Cy, C3} form a complementary array set. Due to sym- s A
414 metry, its rotated copy, C}, C, C}, also forms a complemen- Cn = ;ka Ciltad Dy = ;d’mk - Dilti},
415 tary array set. Applying Theorem 3, we obtain the following B - B
416 design. m=1--,M,

cc,

0 @ 0) @ 2 @ 0
a8aa0n000t09690
00802¢00809¢80
0962108000103850

cc,

09 0NEn O aNENA O
B0g00i0a000126060
R0002880%0280%0

F13:1 Fig. 13. Complementary array set with parameter (M, IV, L) = (6, 6, 18).
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ty, ty, -ty are arbitrarily chosen, and w- C is an array that
multiplies each entry of C by the scalar u.
Remark 5 The following case is of interest:

1. {Cy, Dy}, have N-phase alphabets,

2. O is equal to @ and it contains M orthogonal columns of
the complex Fourier matrix Fy; (thus M < M);

3. The shifted arrays Cil{t,} do not overlap, neither
do Dk{tk},/e = 1,"',M.

Furthermore, if we assume that Cy, = Dy, k = 1,--+, M and
the array sizes are equal to L, then the complementary array set
{CY0L, has design parameters (M, N, L), and { C M has de-
sign parameters (M, lem(N, M), ML).

Lemma 1 Any single point, as the simplest array on any lattice,
Jforms a complementary set.

Remark 6 Lemma 1 is a trivial but useful result. It follows
from Definition 5 and the fact that the aperiodic autocorrelation
of a single point is always the discrete delta function. By employing
Lemma 1, Theorem 3, and Theorem 4, it is possible to design com-
plementary arrays of various support Q.

Corollary 1 For an arbitrary set Q on a lattice, there exists at
least one complementary array set with support Q for any order M
such that M > |Q)|.

Remark 7 [Augmentation using Theorem 4] Due to Theorem
4, we let M > M for practical purposes. For example, we choose
M =2m (for a positive integer m) such thar U is a *1
Hadamard matrix and the growth of alphabet (N) could be well
controlled. We call this “augmentation” procedure. Augmentation
is important, because it is often desirable to reduce the size of the
alphabet, and thus the cost of practical implementations. The fol-
lowing design is an example of augmentation.

Design 4 We use several basic arrays to compose a smile face
shown in Fig. 14. The colors indicate different basic complemen-
tary array sets: the two green arrays (at the lower and upper boun-
daries) form a basic array set with parameters (M, N, L) =
(2,2, 8). So do the brown ones (at the lower-left and upper-right
boundaries) and cyan ones (at the lower-right and upper-left boun-
daries). The two blue arrays (at the lower and upper boundaries)
Jform a basic array set with (M, N, L) = (2,2, 4). The two yellow
arrays (single points at the lower and upper boundaries) form a
basic array set with (M, N, L) = (2, 1, 1). The three black arrays
(the eyes and nose) form a basic array set with (M, N, L) =
(3,3, 3) (Fig. 12); so do the three red ones (part of the mouth).

Fig. 14. Smile design, with (M, N, L) = (20, 60, 88) (without

augmentation) or (32, 6, 88) (with augmentation).
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The four purple arrays (the rest part of the mouth) form a basic
array set with parameters (M, N, L) = (4, 2, 3), which could be
obtained by applying Theorem 4 with Remark 5 and M=4ta
set of three single-point arrays. By applying Remark 4 and Theorem
3 to the 20 arrays, a smile design with (M, N, L) = (20, 60, 88)
could be obtained. Due to Remark 7, another smile design with
(M, N, L) = (32,6, 88) could be obtained.

H. Design for Infinitely Large Hexagonal Arrays

By choosing a proper seed and growth scheme, we are able to
design infinitely large hexagonal arrays. The following is an
example. We first design a complementary array set with
M =7, as a seed.

Design 5 The union of Design 1 with design parameters
(M,N,L)=(4,2,7) and Design 2 with (M,N,L)=
(3,3,7) is a design with (M, N, L) = (4 + 3,lem(2,3),7) =
(7,6,7) (Fig. 5), based on Remark 4.

Design 6 By repeated applications of Theorem 3 with U =
F 10 Design 5, we obtain a design with parameters (M, N, L) =
(7,42,7%) for any positive integer €. The design is illustrated in
Fig. 15, where the colors indicate the process of “growth.” In fact,
applying Theorem 3 to Design 5 once (with Remark 3 conditions),
we obtain a larger array set with (M, N, L) = (7,1em(6,7),7 x7) =
(7,42,7%). Figure 15(a) illustrates how the seven arrays of
size 7 (indicated by different colors) are combined to form larger
arrays. Similarly, applying Theorem 3 to the (M,N,L) =
(7,42,7%) design once, we obtain a larger array set with
(M,N, L) = (7,1cm(42,7),7 x7%) = (7,42, 7°). Figure 15(b)
illustrates how the seven arrays of size 7* (indicated by different
colors) are combined to form larger arrays. Further applications
of Theorem 3 will not increase M, N, but will increase L.

As an alternative, the following design is also for a 7f—point
hexagonal array, but with different elements.

Design 7 We keep applying Theorem 3 with U = F; to a
single-point array, e.g., with entry 1, we obtain a design with
parameters (M, N, L) = (7,7,7°) for any positive integer €.
To see how it works, first consider a complementary array set with
(M, N, L) = (1, 1,1) (asingle-point array). Taking the union of
seven such array sets as in Remark 4 leads to an array ser with
(M, N, L) =(7,1,1). Then, applying Theorem 3 once leads
to an array set with (M,N,L) = (7,lem(7,1),7 x 1) =
(7,7,7). Further applications of Theorem 3 will increase L,
but not M, N. The design could also be illustrated by Fig. 15.

3. URA, HURA, AND MURA BASED ON
PERIODIC AUTOCORRELATION

In this section, we review related works on URAs, including
hexagonal uniformly redundant arrays (HURAs) and modified
uniformly redundant arrays (MURAs).

A. URA

We first introduce the concept of periodic autocorrelation

and “pseudonoise” that are important to the design of URAs.
Definition 6 Ler C = {Cliy, -+, i,|} be an infinite array

on an integer lattice, which satisfies

C[l'p"’; in] = C[[l,...)[n])
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(b)

Fig. 15. Complementary array set with parameter (M, N) = (7, 42, 79) (Design 6), or (M, N) = (7,7, 7%) (Design 7) for any positive integer
Z. (a) Illustration of one of the seven arrays of size 72 obtained as a result of applying Theorem 3 to a complementary array set of seven arrays of size 7
(indicated by different colors) once. (b) Illustration of one of the seven arrays of size 73 obtained as a result of applying Theorem 3 to a com-
plementary array set of seven arrays of size 72 (indicated by different colors) once.

for all i;€Z and i;=1I;modL;, j=1,2,---,n, where
Ly LIy, 1, €N and (Iy,1,)€[0,L; ~1]x-+x
[0,L,-1]). The finite array within [0, L, - 1] x---x [0, L, - 1],
denoted by ¢, is called the basic array. C is called the periodic ex-
tension of s. The periodic autocorrelation function of C (or c) is

AC@pme)= )

i E€[0,L,-1],

C[il""’in]c[il + [ in + 1}”],

i,€[0,L,-1]

vy, -+, v, € L. The periodic cross correlation between two arrays
are similarly defined.

A section of an infinite array C would be a valid URA aper-
ture, if there exists a finite array D such that C % D~ is a peri-
odic extension of the discrete delta function. For a detailed
discussion about the benefits and implementations of periodic
extension, please refer to [7].

Definition 7 An array of size Ly x -+ x L, is a pseudonoise
(PN) array if

(1) it is {£1}-binary;

(2) all out-of-phase correlations are -1, ie, A®(vy,---,
v,) = -1, where vy,-++,v, €L and v;#EO0modL; for at
least one j € {1,2,---, n}.

In 1967, Calabro and Wolf [12] showed that a class of
two-dimensional PN arrays could be synthesized from quad-

ratic residues. The arrays are of size p, x p,, where p,, p,
are any prime numbers satisfying p, - p; = 2,

-1 i, =0modp,
Dli, ] =1 1 iy =0modp,, i # 0mod p,,
(i1/p)(i2/p,)  otherwise

where (i/p), i € Z is Legendre operator:

0 i=0modp
(i/p) =<1 3Fx#O0modp,sti=x’>modp

-1 otherwise.

In 1978, following from the above result, Fenimore and
Cannon [7] designed C and D such that C * D is a periodic
extension of the discrete delta function. The design is given
below, where (p;, p,) is a twin prime pair. The coding array
is C:

1 (iI/Pl)(iZ/PZ) =1
. .1_ )0 i,=0modp,
Cliy, ] = 1 i, =0modp,, i, # 0 modp, a2
0 otherwise.

The decoding array of C is D7, where D is

1 fClL ] =1
D[Zp 12] - { -1 lfC[ll) 12] =0.

It is shown that
-1
CxD = %5[1’] (within one period). (13)

URAs can also be designed from maximal-length shift-
register sequences or m-sequences [39]. The m-sequence is an-
other class of PN sequences, which have lengths 7 = 2% - 1
with 4 being any positive integer. They are sometimes referred
to as “PN sequences” [40]. In 1976, MacWilliams and Sloane
[40] showed how to obtain PN arrays from m-sequences. Let §
be an m-sequence of length 7 = 2% — 1. If # = 1, such that
n; and 7, are relatively prime, a PN array, denoted by H, is
designed below,
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Hliy, i) = S[d), (14)

where i =i, mod 7,0 <i; < ny,and i =i, modn,, 0 <i, <
ny. We note that when sum (H) = -1 [40, Property IP-7V¥],
we can design a URA with coding array C = (-H + /)/2 and
decoding array D = -H"~ on integer lattices, where / is a unit
array, i.e., with all elements equal to one.

B. HURA

In 1985, Finger and Prince [16] designed a class of linear
URAs, i.e., sequences C and D such that C % D is a periodic
extension of the discrete delta function. The design is based on
PN sequences, which in turn come from quadratic residues.
Then, by mapping linear sequences onto hexagonal lattice,
they proposed the HURAs. In the first step, they constructed
the following sequence of length p, where p =3 mod4 is a
prime:
. 1 ifi=0
Dl = { -(i/p) otherwise.

Let C = (D +/)/2. Then the following identity holds:

Cx D :‘1)—;—15[7']

(within one period). (15)
In the second step, they map the sequence D onto a hexagonal
lattice,

H[ie, + ire;] = Dliy + 71,), (16)

where 7 is an integer to be chosen. H is called the Skew—
Hadamard URA. It is easy to see that the correlation between
H and (H + J)/2 is a multiple of the discrete delta function,
just like the one-dimensional case.

As to the choice of lattice and 7, it is well stated by [16] that
“The freedom available in this procedure rests in the choice of
the lattice, the choice of the order p, and the choice of the
multiplier 7. The lattice type will determine what symmetries
can occur - -+ The multiplier 7 determines the periods of the
URA and hence the shape of the basic pattern.” Furthermore,
HURAEs are those with hexagonal basic patterns, when the lat-
tice is chosen to be hexagonal. The qualified p is either 3 or
primes of the form 124 + 1 [16].

Besides the fact that HURAs are based on hexagonal lattices,
they are antisymmetric upon 60 deg rotation. This property
provides for effective reduction of background noise [1,2].
Due to similar reasoning, the designs proposed in Section 2
also obtain robustness against background noise.

C. MURA

It has been shown that PN sequences, together with the URAs
and HURASs that are based on them, could be made with prime
lengths of the form 44 + 3. Gottesman and Fenimore [17]
proposed the MURAs, which further increased the available
patterns for CAI. MURAs exist in lengths p = 4k + 1, where
P is a prime.

The design of MURAS also starts with a sequence D, which
is then mapped onto a hexagonal lattice, following the same
procedure as HURAs. Recalling URA and HURA designs
from Subsections 3.A and 3.B, we design using the following
procedure:

Research Article

Step 1. Let D be a PN sequence (array);

Step 2. Let the coding array C be (D +/)/2, and the
decoding array be D;

Step 3. (optional) We map sequences onto a two-
dimensional lattice [see Egs. (14) and (16)].

However, the design of MURAs is less straightforward, be-
cause D is not a PN sequence and C # (D + /) /2. One way to
design MURA sequences is

0 i=0modp

Cli=< 1 3x#0modp,sti=x>modp,
0 otherwise
1 i=0modp

Diil=<1 C(Cli]=1i%0modp

-1 otherwise.

It is easy to verify that for any » # 0 mod p, we have

-1
> CH)D(i+v) =0. (17)
i=0

Gottesman and Fenimore [17] also gave a class of MURAs
for integer lattices. The coding array is the same as Eq. (12),
except for a change of the size: p; = p, = p. The decoding

array is D, where

1 i +i=0modp
D[il’iZ] = 1 C[iD 12] = I)il +ZZEOmOdP
-1 otherwise.

4. NEW URA CONSTRUCTIONS
A. URA from Periodic Complementary Sequence Set

In this section, we first briefly summarize some similarities and
differences between the aperiodic-based and periodic-based de-
signs of CAl, and then propose a new design framework that is
based on periodic autocorrelation.

In the aperiodic case, the elements of arrays are assumed to
extend only over some finite area and be zero outside that area.
This fact provides great convenience for the design of comple-
mentary array sets/banks, since several arrays could be easily
concatenated while maintaining the unimodular alphabet dur-
ing the “growth” process. In addition, the concept of “bank”
and a growth scheme make the aperiodic-based designs more
flexible. For example, we have shown how to make CAI aper-
ture with arbitrary patterns. In the periodic case, the arrays were
assumed to be periodic and infinite in extent. The resulting
correlations are calculated over a full period. The usual way
to design is to first design sequences with good autocorrelation
property, e.g., pseudonoise, and then map them onto arrays. As
to practical implementations, periodic-based designs often re-
quire the physical coding aperture to be periodic extensions of
some basic patterns to mimic the periodicity, while aperiodic-
based ones do not.

Despite their differences in principles and implementations,
the idea of “complementary” can also be associated with peri-
odic correlations, leading to the following concept that is sim-
ilar to complementary array sets in Section 2.
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Definition 8 A set of arrays with the same basic pattern is a
periodic complementary array set (PCAS), if the sum of their
periodic autocorrelations is a periodic extension of the discrete delta
Sfunction. A one-dimensional PCAS is also referred to as a
periodic complementary sequence set (PCSS). The notation “design
parameters” (M, N) or (M, N, L) is similarly defined as in
Subsection 2.D.

As discussed before, URAs (including HURASs) require the
lengths of sequences to be prime numbers or 2% - 1, so the pos-
sible sizes of URA arrays are quite limited. However, the above
concept produces more admissible lengths, offering more
choices in selecting an aperture. For example, we can construct

the following URA sequence of length 6.

Example. PCSS with parameter (M, N, L) = (4,2, 6):
Sy ={1,-1,-1,-1,-1, -1},
S, ={1,1,1,1,-1,-1},
S;=1{-1,1,-1,1,-1,-1},

Sq=1{-1,-1,1,1,-1,1}

Then, the sequences are mapped onto a two-dimensional
lattice, following procedures similar to Eqs. (14) and (16).
Now a natural question that arises is: for a given alphabet, what
are the possible lengths for which there exists a PCSS? and how
to design them? This will be addressed in the remaining
sections.

A natural way to construct a PCSS is to synthesize them
from existing designs. Some synthesis methods have been pro-
vided for binary PCSS in [41], and they could be easily ex-
tended to the nonbinary case. In the following two sections,
we propose some different synthesis methods.

At the end of this subsection, there are two remarks worth
mentioning. First, the concept of PCSS is not new. It was once
referred to as “periodic complementary sequences” or “periodic
complementary binary sequences” [41]. To the best of our
knowledge, prior works mainly focused on the binary case.
One possible reason is its intimate relationship with cyclic dif-
ference sets [42]. Second, complementary sequence sets are
subclasses of PCSS due to the following fact,

A},g(z/) = AS(v) + AS(v- L) VveZ 0<v<L (18)

where § is a sequence of length Z, and 4,(-) and A4,(-) respec-
tively denote periodic and aperiodic autocorrelations.

B. Synthesis Methods from the Chinese Remainder
Theorem

1. PCAS Synthesized from PCSS and Perfect Sequence

A sequence is called a “perfect sequence” if its periodic auto-
correlation is a periodic extension of the discrete delta function.
Consider a PCSS {S,,}*_, of length s, and a perfect sequence
S of length 7. We can then construct a PCAS {C,,}*L_, of size
sx ¢ (or similarly # x s):

Coli jl = S,li1ST)
Proof: The periodic autocorrelation of C,, satisfies

A vy, 0,) = A% (01) A% (v,).

m=1,---,

M,ijeZ — (19)

Thus, for any vy, v, € Z, (v1, ;) # (0,0),
M M
> A (v, 0y) = (ZASm(m))AS(m =0.
m=1 m=1

2. PCSS Synthesized from PCSS and Perfect Sequence
Consider a PCSS {S,,}"2_, of length s, and a perfect sequence S

of length 7. Also assume that s and # are coprime. We can then

construct a PCSS {S, 3, of length sz,

S, = C,limods, imods,  i€Z, (20)

where {C,,} is given in Subsection 4.B.1.

Proof: Equation (20) provides a one-to-one mapping
between a sequence and an array, guaranteed by the Chinese
remainder theorem. The mapping is linear so that the autocor-
relation function is preserved, i.c.,

ASn(v) = AS»(vmod s, v mod 2),

and thus the sequence set {S,,}’2_, is complementary.

3. PCSS/PCAS from Two PCSSs with Coprime Lengths

Con51der a PCSS {Sml}m _, of length s, and another PCSS
{Tmz}m *, of length z. We can then construct a PCAS
{C ml,mz)} of size s x t,

C(ml,mz)[i’j] = 5m1 [l] Tmz [7]) (21)

my =1, My, my=1--,M, and ijeLZ
Further, if s and # are coprime, we can construct a PCSS of
length sz.

Proof: For a given 1 < my < M,,

M, T,
Z AC(mbmz)(yl’ 1/2) — {S A (7/2)

0 otherwise.

where

vy = 0
my=1

Thus, for vy, v, € Z, (v, v,) # (0, 0),

M, M, M, M,
Z Z ACom) (vy, vy) = Z (Z ACom) (v, v2)> =0.

my=1m =1 my=1 \my=1

If s and r are coprime, a PCSS could be designed using the
mapping given in Eq. (20).

Remark 8 This result is stronger than that given in [41,
Theorem 6], since it does not require the number of sequences
to be relatively prime.

4. PCAS Constructed from Another PCAS of a Different
Size

Assume that we have a PCAS of size sx ¢ synthesized
from PCSS {S,, }m _, and {Tmz}m ", using the method in
Subsection 4.B.3. Suppose that gcd(s, t) # 1, but s =55,
forsomes; # 1 and s, # 1, where ged(s, s,) = ged(sy, £) = 1.
A PCAS of size s; x s, could be designed by first mapping the
PCSS {S,, }m ', to a PCAS of size s; x 5, in a way similar to
Eq. (19), then constructing a three-dimensional PCAS of size
§1 % 5 x ¢ in a way similar to Eq. (19), and finally mapping the
latter two dimensions to a single dimension in a way similar to
Eq. (20), resulting in a PCAS of size s; x s¢.
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C. Synthesis via Unitary Matrices

Theorem 5 For any positive integer s, there exists at least one
PCSS with design parameters (M, N, L) = (p,, 1+ P $)»
where p; < --+ < p, are all the distinct prime divisors of s.

For any positive integers sy, -+, Sp, there exists at least one
PCAS of size 51 x -+ x 5, with design parameters (M, N, L) =
(P, P1 - Py SE), where py < -+ < p. are all the distinct prime
divisors of sy -+ 5.

The proof is included in Appendix C.

Remark 9 Theorem 5 gives the construction for PCAS of an
arbitrary size, where the alphabet is determined by the product of
the distinct prime divisors of the size, and the order is the largest
prime divisor. From the proof of Theorem 5, the result also holds for
aperz’odic autocorrelations.

A natural question that arises is how tight the result in Theorem
5 is. Specifically, is there any solution whose order N is less than p 2
This is clearly not the case for Golay complementary sequence pair,
where the size s is a power of 2. Although we were not able to
answer this question in general, we were able ro prove the following
results.

Theorem 6 For any prime number p, a p-regular set, denoted
by RC ®), i defined to be a ser of p distinct unimodular complex
numbers that form the vertices of a uniform polygon in the complex
plane. Let N = pi' -+ plr, r21 be a positive integer with
distinct prime divisors p,j = 1,--+, n. Consider M variables
X1, 0, Xy that take values in the set of Nth root of unity.
Suppose that > M_, x,, = 0.

1. Ifn <2, the set {x,}*_| can be written as the unions of
py-regular configurations, i.e.,

{xn, e} = RCY.  (22)
(k) cp>0,k=1,mj=1,c;}

2. If n <2, M can be written as
M=cpy+ -+ cp, (23)

where ¢y, -+, ¢, are nonnegative integers.

The proof is given in Appendix D.

Remark 10 Consider an aperiodic complementary array set
(S, M with design parameters (M, N, L). Then we have
SM 1 S,[0]S,,[L - 1] = 0. Assume that the alphabet is N -phase,
where N = pi' (n=1) or N = p}'p3? with p, and p, distinct
primes (n = 2). Applying Theorem 6, Eq. (23) implies thar
(D) M >p, if n=1; (2) M > min{p,, p,} if n = 2. Due to
similar reasons, M = 7 in Design 7 is tight whenever N is a power

of 7.

5. SIMULATION RESULTS

We have performed computer simulations to demonstrate a
multichannel CAI system and a classical URA-based one.

The multichannel CAI system that we select comes from
Design 2. Admittedly, in practice we only need four pairs of
aperture arrays with {-1, 1}-alphabet. But the coded images
contain negative entries, which are not straightforward to
illustrate by simulation (we used MATLAB software). We thus
provide an alternative approach, which relies on the follow-
ing lemma.
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Lemma 2 Suppose that {(C,,, D,,)Y)1_, is a complementary
bank with alphabet W = {1, 1} and it satisfies > ™_, D,, = 0.
Then {(C,, DV, is a complementary  bank, where
C,=(C,+/))/2.m=1,---,M. Here, 0 and | respectively
denote the array of zeros and the array of ones, whose supports are
the same as D,,.

Proof 2 The proof follows immediately from

M . M 1
Y CoxDy=) ~(C,+)) D,
m=1 m=1

1 1 LN
=£;CW*D;’+£]* (ZDM>

m=1

1 M
=3 > C, D, (24)
m=1

The above result gives a general method to design a mask with
simple closing/opening pinholes (the elements of C are either 0
or 1). In practice, the method is of interest on its own right, but
we do not elaborate here. As a corollary of Lemma 2, it is easy to

see that if {C,,}*_ is a complementary array set with alphabet
A = {-1, 1}, then

1 M 1 M
m=1 m=1

is a complementary bank.
Following Design 2 and the above result, we obtain the

following eight-channel CAI {(C,,, D,,)}% _,, each with a mask

m=1>

as shown in Fig. 5. The coding arrays are
{Ci[f}S_, = {1,1,0,1,1,0,1},
{C,[A1}S_, = {0,1,1,0,0,1,1},
{C3[A1}S_, = {1,1,0,1,0,1,1},
{C4lA_, = {1,1,1,0,1,0,1},
{Cs[A}S_, = {0,0,1,0,0,1,0},
{C4[A1S_, = {1,0,0,1,1,0,0},
{C[A1}S_, = {0,0,1,0,1,0,0},
{CgAl}S_, = {0,0,0,1,0,1,0}.

If we choose the element labeled 0 to be the origin, the decod-
ing arrays are

(D[R ={1,1,-1,1,1,-1,1},
{Dy[AS_, = {-1,-1,1,1,1,1,-1},
(D[}, = {1L,-1,1,1,1,-1,1},
S, =1{1,1,-1,1,1,1,-1},
S, = {-1,-1,1,-1,-1,1,-1},
{Dlk}§_, = {1,1,-1,-1,-1,-1, 1},
(DAY, = {-1,1,-1,-1,-1,1,-1},
{Dg[A}S_, = {-1,-1,1,-1,-1,-1, 1},
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Figure 17 illustrates how a source object is coded and decoded 809

in a multichannel system. The source object is a 130 x 130

810



F16:1
F16:2
F16:3

811
812
813
814
815
816
817

818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841

Research Article

(©

(d)

Fig. 16. Comparison of (a) the source image, (b) the image from a
single pinhole, (c) the image from the multichannel CAI system, and
(d) the image from the URA-based CAI system, under Poisson noises.

pixels “camera man” image and the distance between two pin-
holes is 60 pixels. The gray level is normalized to be in the range
of [0, 255]. It is worth mentioning that the bright (white) part
of the images produced by MATLAB (as shown in Figs. 16—18)
corresponds to low light intensity in the real world.

The second simulation is for URAs (shown in Fig. 18). It
uses the same source object and following aperture,

01 1 1 1
[0 01 1 0],
01 0 01

which is a 3 x 5 array that comes from the m-sequence of length
15 (see Subsection 3.A for details). In the implementation, we
use the arrangement suggested by [7], i.e., a 6 x 10 aperture
composed of a periodic extension of the basic 3 x 5 patterns
(with 32 open pinholes), and a 3 x 5 decoding array.

Next, we repeat the experiment by taking noises into ac-
count. We first assume additive noises that follow independent
Poisson distributions. In other words, the recorded image at the
kth pinhole of the coding aperture is O + 7, where O and 7,
respectively denote the array of source image and noises, and
each pixel 7[i, j] is an independent Poisson random variable
with rate (expectation) A. For each 4, we obtain the recon-
structed 130 x 130 images from the multichannel CAI system
[the bottom-right of Fig. 17(b)] and from the URA-based
CAI system [the center of Fig. 18(b)], denoted respectively
by O,, O,. Then we compute the log of SNR ratio
s = og(IOIB/110,, - OI2), 5, = log(IOIB/110, - OII3)
(where || - || denotes the Frobenius norm) based on the aver-
age of 20 independent repetitions. (In the computation, we
have normalized the pixel values to the range [0, 1], with 0
and 1 respectively denoting the lowest intensity and the highest
intensity.) We repeat the experiment for A = 10, 20, 30, 40, 50,
and obtain s,,/s, = 6.1/6, 5/4.8,4.3/4.2, 3.8/3.7, 3.5/3.3, re-
spectively. This result shows that the eight-channel CAI with

(25)
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(b)

Fig. 17. Demonstration of the encoding and decoding process of a
multichannel CAI system. (a) The upper-left image, “cameraman,” is
the source image. From the upper-middle to the bottom-right, the
images are the coded images from apertures Cl1,- -+, C8 in each chan-
nel. (b) From the upper-left to the bottom-middle, the images are the
decoded results from D1,--+, D8 in each channel. The bottom-right
image is the reconstructed image, coming from the addition of the
eight decoded results.

28 open pinholes achieves better SNR gain compared to the
URA with 32 open pinholes.

It is usually more reasonable to assume that the noise is sig-
nal dependent, especially in our “camera man” example where
there is a significant part of low-intensity background. We thus
repeat the experiment by assuming photon noise, also known as
Poisson noise. In other words, the recorded image at the 4th
pinhole of the coding aperture is O + 7, whose [4, j]th pixel is
an independent Poisson random variable with rate O[3, j].
We repeat the experiment 20 times and obtain the average
log SNR s,, = 6.2920, s, = 5.2781. The result shows that
the eight-channel CAI achieves much better SNR even though
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it uses only 28 open pinholes, compared with the URA-based
design. For illustration purpose, Fig. 16 plots the source image,
the recorded image from a single pinhole, the reconstructed
image from the eight-channel CAI system, and the image from
the URA-based one, under signal-dependent Poisson noises in
one experiment.

6. CONCLUSION

In this work, two classes of coded aperture imaging systems
are studied that are constructed based on aperiodic or periodic
correlations. For the first case, we extended the concept of
Golay complementary array pairs to complementary array sets
and complementary array banks on lattices. Under the general
framework, we provided methods and examples for the design
of the complementary arrays. The findings not only lead to
more flexible and robust designs of the coded aperture imaging
systems, but also bring new theoretical insights. For the second
case, we reviewed the state-of-the-art URA designs and further
proposed some new classes of the URA designs. Simulation re-

sults are provided to demonstrate our proposed scheme.

APPENDIX A: PROOF OF THEOREM 1

The following lemmas are helpful to the proof of Theorem 1.
Lemma 3 If complex numbers ay, - - -, ay are unimodular and
satisfy Y 4_, o, = 0, then they contain two opposite pairs.
Proof of Lemma 3:
Lety = o) + a, z = (-a3) + (-ay), then y = z. Because

|a;| = |ay| = 1, yis on the bisector of @; and ;. Similarly, z is
on the bisector of a3 and -ay. Since y = z, we have a; = -a3
or a; = —-0y.

Lemma 4 If roors of unity oy, a, satisfy |a; - 20| =1,
then a; = a,.

Proof of Lemma 4:

The identity 1 = (a7 - 2a,)(@; -2a,) = 1 - 2(a;@, +
a,a,) + 4 implies a;a, = 1, ie, a; = a,.

Proof of Theorem 1:

Assume that there exists a complementary array pair.
Writing down (2) explicitly we obtain the following system
of equations consisting of nine equations and 14 variables

{xk}izo U {)%}2:01

x1X%3 +x6x%4 + 173 + 9505 = 0, (A1)

XoX1 + x3%) + x5%6 + x4%0 + yoJ1 + ¥352 + VsV T )0 = 0

(A2)

x1%4 + 9194 = 0, (A3)

XoX4 +x1%5 + 9,04 + 9195 = 0, (A4)

xoXg + x6X) + x4%3 + xs%0 + yo¥r + ¥eJ1 +yad3 T Isdo = 05
(A5)

X%s + 3,55 = 0, (A6)

x3%s + xo%6 + 9395 + 3206 = 0, (A7)

xoX3 + x1%y + x5%4 + x6%0 + yoy3 + 102 + YsVs T ydo = 0
(A8)

x3%6 + y355 = 0. (A9)

We only need to prove that the above system of equations have
no solution on the unit circle. Assume without loss of generality
that x; = y, = 1. After simplifying Egs. (A3), (Al), (A6), and
(A9) we have

Vs = X4 (A10)

Y3 = —(x3 4 (kg - Xg)x4) = -x3 - Xx4 + 1, (A11)
Js = —X3X5)5, (A12)

Yo = ~¥3%63: (A13)

From Eq. (All), we obtain y; + x3 + X¢x4 - 1 = 0. Due to
Lemma 3, we have three cases to consider:

Case A: y3 = 1, x4 = -x3x6; Case B: x5 = 1, y3 = -x4%¢;
Case C: x5 = x4, y3 = —x3.

Case A: y; = 1, x4 = -x3%;

From Egs. (A10), (A12), and (A13), we eliminate variables
X4 V35 V4» Js» ¥ in Eqs. (A4) and (A7) and obtain

—xyX3%6 + X5 + X3%6), - x2%57, = 0, (A14)
x3X5 + XX — XpXs5), — X3%g), = 0. (A15)
We write Egs. (A14) and (A15) as
x5x3(x2 = y5) = x6(1 = %27,), (A16)
x5(X3 = X99,) = x6(X37, - %2)- (A17)

If x, # y,, Eq. (A16) gives

1 -x,7, _
X = X Xg = —X X6
5 X2y, 3)2
If x, # x39,, Eq. (A17) gives
xs = 2 = 5o,
X3 = X2)>

So there are four cases to consider that further eliminate the
variables.

Case Al: x5 = -x3),xg, X5 = VX

Clearly, x; = -1. Eliminating variables in Eqs. (A2) and
(A8) we obtain

(x0 = %3 = X3 = x6J) + (7, + x6% + 3o +72) =0,
- (g - %, - X, —xGJ_’o) + ()_’2 + x6Xo + Yo +)_’2) =0,

which is equivalent to

X0 — 3-6'2 - 3-6'2 = .X'Gj/o = 0, (A18)
)_/2 + X69_€'0 +_}/o +_)_/2 =0. (A19)
We further obtain
¥y = x¢(%g - 2x3), (A20)
7y = X%, - x0). (A21)

Equation (A20) gives |X¢ - 2x,| = 1, which further implies
that ¥y = x,. This is a contradiction to Eq. (A21).
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(a) The coded image of the URA system.

(b) The decoded image.

Fig. 18. Demonstration of the encoding and decoding process of a URA-based CAI system: the coded aperture produces a cyclic version of the
basic aperture pattern in (a), from which the source image is reconstructed in the center area in (b).

Case A2: xy = y,, x5 = J,%¢
We only need to check the validity of Egs. (A2), (A5), and
(A8). We write them in terms of five variables xy, x5, x3, x¢, ¥,
Xo + x3%y + Xy — x3%6%) + Yo + Xy + Xox3 + x3%6), = 0,
(A22)
Xo¥%) + XpxeXg + yo¥2 - X3x6 + X3%6 = Xax6)p = 0,
Xo X35 — Xy + x3X%6%0 + yox3 + Xax3 — Xy — x6Yg = O.
(A23)
In fact, a contradiction can be obtained from Egs. (A22) and

(A23). Taking the sum and difference of the two equations, we
obtain

(x5 + Dy + (3 - Dxgjy = (A24)

(5 + Dxgyo - (x3 - )y = (A25)

If we have a valid solution (xy, x3, xg, ¥y, %), it is easy to see

that (&1xy, x3, Exg, £y, E2x) is also a valid solution for any

unimodular complex number & Therefore, we only need to

consider the case x5 = 1. Replacing x5 = 1 into Eq. (A25),

multiplying the equation with -%3, and then taking the con-
jugate, we obtain

—43_6'2.96'3 - 2X0,

—43_6'2 + 2x3x65co.

~(x3 + D)y - (x5 - 1)jy = 4xyx3 - 2. (A26)
Adding Egs. (A24) and (A26) gives
xo = (¥ = %)x3. (A27)
From the identity 1 = |xo| = |x; - %5 ||x3] = |x2 = %3], x5 is in
the form of
ig(sl +152, 5,8, € {1,-1}. (A28)

Combining Eqs. (A28) and (A27) gives x; =
more, Eq. (A24) is simplified to be

(x5 4+ Dy + (63 - 1)jg = -2+/38,x3.

i65x3. Further-

(A29)

Equation (A29) implies that
233 = (x5 + Dy + (3 - Dl < oz + 1 + |x3 - 1]
<22,

which is a contradiction.

Case A3: x5 = —x3),%g, X3 = X3

First, we rewrite Eqs. (A2) and (A8) in terms of x, x3, x¢,
Yo J2*

X0 + 2}-/2 - 236'3)-/2 - X3X’65CO +)/0 + X3X6}-/0 = 0, (A30)

g, =0.  (A31)

If we have a valid solution (y,, x3, x¢, o, X)), it is easy to see
that (£71y,, x3, Exg, Eyy, E2x6) s also a valid solution for any
unimodular complex number & Therefore, we only need to
consider the case x5 = 1. By computing Eq. (A30) +x;.
Egs. (A31) and (A30) -x3. Eq. (A31) we obtain

(x5 + Dyg + (x5 - Djp =

xoX3 + 2X3), + 29, + x6%0 + )

45, - 20, (A32)

=3 + Djg + (e3 = D)yp = (A33)

Multiplying Eq. (A33) by x3, and then taking the conjugate, we
obtain

—4X3j/2 - 2X3J‘C‘0.

(x5 + D)y, - (x5 - 1)y, = -4y, - 2x,. (A34)
Adding Egs. (A32) and (A34) we obtain
xo =~ + 3

Thus, y, is in the form of

V3i
)2 _—51 — 0y,

61,6, € {1, -1}
5 b6 €41, -1

Furthermore,
Xog = —61,

(o3 + Dyp + (x5 - Dy =
which implies that 243 <24/2.

-24/36,,
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Case A4: xy = y,, X = x3),
Similar to Case Al, Egs. (A2) and (A8) imply
—(29_6'2 + XO) = )/0, (A35)
xsxg - x6(%g + x,) = 0. (A36)

Equation (A35) implies that X, = -x;, which is a contradiction
to Eq. (A36).
Case B: x5 = 1, y3 = —x4%

From Egs. (A4) and (A7), we obtain

(%5 - 2%4) (1 = x29,) = 0, (A37)

(2% + 2276 (1 + x4857,) = 0. (A38)

If y, #x4%s5, Eq. (A37) gives x; =y,. If x; # —x5%4),
Eq. (A38) gives x5 = -x4j,. We therefore have the following
four cases to discuss.

Case Bl: y, = x4%5, Xy = -XcX4), = -XcX5

First, we rewrite Eqs. (A5) and (A8) in terms of x, x4, X5,
X6> Jo*

2x6 — XoX5Xg + 2x4 + X4X5)) + X4x5%6)y + Xox5 = 0,

(A39)

(A40)

If we have a valid solution (xq, y, X4, X6, x5), it is easy to see
that (Exg, &y, E2x4, E2xg, E2x5) is also a valid solution for any
unimodular complex number & Therefore, we only need to
consider the case x5 = 1. Taking x5 = 1 into Egs. (A39)
and (A40), multiplying Eq. (A40) by -Xs, and taking its
conjugate, we obtain

2% 4x5 + X - 2x5X%6 — X4%6) T X443y + Xoxg = 0.

2 - xgxs + 2x4 + Xgxs5yy + x4%550 + Xoxs = 0,  (A41)
2 = xoxs = 2x4 — XgxsYy + X4X%57 — Xoxs = 0. (A42)
Adding Egs. (A41) and (A42) gives
4 = 2xgxs — 2x4%5),. (A43)
Because |2xgxs| = |2x4x5,| = 2, the only possibility is
xoxs = 1, x4x5, = -1. (A44)

Taking Eqs. (A44) into (A41) we obtain 2x; = 0, which is a

contradiction.

Case B2: xy = y,, x3 = —x6%4),

Clearly, x5 = -x4. Because y; = -x4%c = 1, this case is
covered by Case A.

Case B3: y, = x4%5, X5 = -X4),

Clearly, y, = -x4%5. Because y, = x4%5 = -y,, this case is
not possible.

Case B4: x) = y,, x5 = —x4j, = —X4%,

First, we rewrite Eqs. (A2) and (A5) in terms of x, x5, x4,
X6> )/02

2%y = 25%yx4% + X0 + Yo + x4%0 - %479 = 0, (A45)

(A46)

If we have a valid solution (x,, x¢, ¥, x4, X), it is easy to see
that (£71xy, Exg, £y, E2x4, E2x¢) is also a valid solution for any
unimodular complex number & Therefore, we only need to
consider the case x4 = 1. Taking the conjugate of Eq. (A45),
multiplying Eq. (A46) by X, and letting x4 = 1, we have

254 + 2x6 + x0Xy + Xy - XoxsXg + Xyx49 = 0.
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2X2 - 2962%‘6 + .9-6'0 +)-/0 + X0 —)/0 = 0, (A47)
2y + 2xpx6 + x9 + Yo - %o + jo = 0. (A48)

Adding Egs. (A47) and (A48), we obtain
4X2 + ZXO + 2_)-/0 = 0 (A49)

Because |4x,| = 4, |2xg| = |2j,| = 2, the only possibility is
‘)_/0 = =X3. (A50)
Applying Eqs. (A47)—(A50) gives 2x,xs = 0, which is a contra-
diction.

Case C: x5 = x4, y3 =

From Egs. (A4) and (A7) we obtain

(s = %49,) (1 - x2,) = 0,

Xo = —X2,

(A51)

(¥sx3 + %49,) (x2 +37) = 0. (A52)
If y, # x,, Eq. (A51) gives y, = x4%s. If y, # -x,, Eq. (A52)

gives y, = —x3x4%s5. So there are four cases to consider.

Case Cl: y, = x5, J, = —X3X4%5

First, we rewrite Eqs. (A5) and (A8) in terms of x, x5, x3,
X4 Yot

2X4 + 256'3)6‘4 + J‘Cz.X‘O + Q-CZ}/O - 56'2.96'3.9(‘456‘0 + 56'2.96'3.9('4‘)-/0 = 0,

(A53)
(A54)

If we have a valid solution (x5, x3, x¢, ¥, x4), it is easy to see
that (71xy, x3, Exq, £y, E2x4) is also a valid solution for any
unimodular complex number &£ Therefore, we only need to
consider the case x4 = 1. Taking the conjugate of Eq. (A54),
multiplying it by %,, and letting x4 = 1, Egs. (A53) and (A54)
give

23-6'2 - 256'2)6'3 + 5ctx0 - 56'3}/0 + .X'43_C0 + .X'/Lj-/o = 0

2 + 29‘6‘3 + 5(‘2.96‘0 + 56'2}/0 - J-C‘2X3}-CO + 56‘236‘3}-/0 = 0, (A55)

2 - 23-6‘3 + .9-6'296() + .9-6‘2}/0 + 56‘236‘356‘0 - 9-6236‘3_)-/0 = 0. (A56)
Adding Egs. (A55) and (A56) gives

4+ 2% (xo + 7) = 0. (A57)

Thus |xg + y,| = 2, the only possibility is
Xg = Yo = ~%2. (A58)
Applying Eqs. (A55)—(A58), we obtain 2x3 = 0, which is a

contradiction.

Case C2: y, = x4%5, J, = —-x;

First, we rewrite Egs. (A2) and (A5) in terms of xq, x5, x3,
X4 )/0:

2.X‘3.9-C2 - 25(2 + X0 +)/0 + X4.9-C0 - X4j/0 = 0, (A59)

(A60)

If we have a valid solution (x5, x3, x¢, ¥, x4), it is easy to see
that (E1xy, x3, Exg, €9, E2x4) is also a valid solution for
any unimodular complex number & Therefore, we only need
to consider the case x4, = 1. Taking the conjugate of Eq. (A60),

2)64 + ZX4)-C3 + xpXx; —)/0552 - Xox4¥Xg - 5629‘74\5/0 =0.

multiplying it by X, and letting x4 =1, Eqs. (A59)
and (AGO) give

2X39_6'2 - 2)_6'2 + X0 +)’0 + D_CO —_)_/0 =0, (A61)

23(39_6'2 + 2)_6‘2 -X0~=Yo + 3_6'0 —_)_/0 = 0. (A62)
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Subtracting Eqs. (A62) and (A61), we obtain

4%y - 2(x9 + 3,) = 0. (A63)
Thus |xg + y,| = 2, and the only possibility is
X0 =Yoo = .9-6'2. (A64)

Applying Eqs. (A61)—(A64), we obtain 2x3%, = 0, which is a
contradiction.

Case C3: y, = x4%5, J) = -X3X4%5

This case is covered by Case A, because x; = -1,
y3 = —x3 = 1.

Case C4: y, = x5, y, = —

This case is clearly not possible.

APPENDIX B: PROOF OF THEOREM 2

The proof follows a similar procedure to that of the proof of
Theorem 1. The only difference is that the modulus of xq, y,
are changed from one to zero. Related changes in the proof in
Appendix A are listed below.
Case Al: Eq. (A18) gives 2, = 0, which is a contradiction.
Case A2: Eq. (A24) gives 4%x,x; = 0, which is a contra-
diction.
Case A3: Eq. (A32) gives 4y, = 0, which is a contradiction.
Case A4: Eq. (A35) gives 2, = 0, which is a contradiction.
Case B1: Eq. (A43) gives 4 = 0, which is a contradiction.
Case B4: Eq. (A49) gives 4x, = 0, which is a contradiction.
Case Cl: Eq. (A57) gives 4 = 0, which is a contradiction.
Case C2: Eq. (A63) gives 4%, = 0, which is a contradiction.

APPENDIX C: PROOF OF THEOREM 5

We prove the first part constructively. Using Eq. (18), we ob-
serve that it suffices to construct an aperiodic complementary

Without loss of generality, assume that s =
Tn

array set
Plxpg e x ph

and Pjs are distinct for j=1,--

is a prime factorization of s, where ¢; > 1
o n Let SO = (s
be a set of p; sequences each of which contains a single point
1, ie., S© has design parameters (M, N, L) = (p;, 1, 1).

In the first iteration, we apply Theorem 3 to SO with U
equal to the Fourier matrix F, while satisfying Remark 3
conditions to obtain a (one-dimensional) complementary array
set. with (M, N, L) = (py, lem(p, 1), py x 1) = (py, p1s £1)-
Applying Theorem 3 a second time, we obtain a complemen-
tary array set with (M, N, L) = (]JI,lcm(pl)pl),p1 xpy) =
(py, p1> p2)- After applying Theorem 3 to S© 4, -1 times,
we obtain the complementary array set S!) with (M, N, L) =
(P21 P )-

In the second iteration, we first apply Theorem 4 to S
with M = p, while satisfying Remark 5 conditions. The result-
ing complementary array set has parameters (M,N, L) =
(P2 lem(py, p3), py % 1 = (p2 171 21); then we apply
Theorem 3 g, - 1 times with U being the Fourier matrix F
to create the complementary array set S? with (M, N, L) =
(0 122 P 25).

By recursive construction as above, after wth iteration we
obtain the complementary array set S® with (M, N, L) =
P 1 P PTPY ) Finally, applying Theorem 3

with U equal to the Founer matrix F, an extra time to § (),

we obtain a complementary array set with (M, N, L) =
o pr02 b 12T+ P):

The proof of the second part is similar.

APPENDIX D: PROOF OF THEOREM 6

Let Z[4] denote the polynomial ring over Z, and @, (1) denote
the N'th cyclotomic polynomial. Let § = exp(i2zx/N), Uy =
{&j =0,--+, N - 1} be the group of Nth roots of unity en-
dowed with multiplication. For any € Uy, let |57| denote the
order of 1 in the cyclic group Uy. Because > M  x, =0,
there exists a polynomial F(1) = Zj]\i_ol f j/lf € 7ZJ[4] such that
f]- >0 and F(&) = 0.

We prove Theorem 6 using a sequence of lemmas.

Lemma 5 Ler p, be distinct prime numbers and integers
rp >0, k=1,2. Then,

1 72
CDPJ (Apll Pzz) = 1_10 q>P’1‘1P£ (/1), (D1)
@, (W) =@, (A )0 (D), (D2)
(Dpl(ﬂﬁyi ) = (DP;I(A)' ([)3)

Similar results hold if p, and ry are respectively replaced with p,
and ry in the above equations.
Proof of Lemma 5:

Since both sides are monic and have degree (p, - 1)
= (p, - 1)p} " p2, it suffices to show that every zero of

(DPI‘PZZ (4) isazero of @, (/11’;17] ). If yisazero qu)p:’p’f (4), then
Il = p} pi, which implies | | = |51/ ged(lnl, ") = py.
Therefore, 7 is also a zero of @, (/V’:H).

The proof of Eqs. (D2) and (D3) is similar.

Lemma 6 Ifn = 1 ie, N = pi', then there exists a polyno-
mial AQ) = S0 a )i € Z[), 4 > 0, such that

F(l) = ®, (#)AQ).

Proof of Lemma 6:

First, @5 (1) divides F(1), because F(1) annihilates & and
®,,(4) is an irreducible and monic polynomial in the ring Z|[1].
Besides this, Eq. (D3) gives @, (/1N Iny = CI)N(/l) Therefore,
there exists a polynomial Ak(ﬂ) Z]N/ o a¥ € Z[A] such
that F() = @, (AV/7)A(2).

Second, because deg(F) < N, we have deg(A) = deg(F)-
deg(@N(/l)) <p” =N/p,. We note that f] = a;,
j=0,---,N/p; -1 and that f; > 0. Therefore, the coefﬁ—
cients of A(/l) are nonnegative.

Lemma 7

If n=2, ie, N =p|'py, then there exist polynomials
Ay(A) € ZIA, k= 1,2 such that

AN, (1) + A(N)D, () = Dy (A).

Proof of Lemma 7:

First, Eq. (D1) and its similar result (by replacing p,, r; with
P> 72) imply that ged(®,, AN/, dJPZ(/lN/PZ)) = Op(4).

Second, consider two polynomials 7', (1) = 1+ A+ ---+
A1 k= 1,2, where #; > ¢, and ged(#, £,) = 1. We apply
Euclidean division to £, #, to obtain # =9+ b,

(D4)
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0<b<r. It is easy to observe that 7, (1) = T, (4)
Zq AT+ T(A). If we continuously apply Euclidean
d1V1slon, we will find polynomials Ay(A) € Z[A), k= 1,2 such
that

ANT, () +ANT,,(2) = 1. (D5)

Replacing 7y, #,, and 4 respectively by p,, p,, and AV/@122) in
Eq. (D5), multiplying both sides by ® (1), and using Eq. (D2)
and its similar result, we obtain Eq. (D4).

Lemma 8

If n=2, ie, N =p|'py, then there exist polynomials
Ap(A), deg(Ay) S N/pp -1, k= 1,2 such that F(2) = Y ;_,
A (A H (L), where H, (1) = CI)P&(/IN/P&), k=12

Proof of Lemma 8:

Clearly, @, (1) divides F(4) due to the reason mentioned
before. Therefore, Lemma 7 implies that there ex1st pol)rno-
mials A,(1) € Z[A], k= 1,2 such that F(}) = 1 A (D)
H(4) holds.

It is easy to see that A2H () can be written as 17 H (1) =
AN -1)Q(A) + A% H (1) for some Q(A) € Z[A], 0 <d, <
N/p, - 1. Thus, there exist polynomials A,(4), deg(A4,) <
N/p,-1, k=1,2, and W(A) such that

2
= > A WHL() + WHE - 1),
k=1
Since deg(F) < N/p, - 1, we obtain W(1) = 0.
Lemma 9
The coefficients of Ay (1), & = 1,2 in Lemma 8 can be made

F(2)

nonnegative.
Proof of Lemma 9:
Let
DF = {[ayp, AN /p,-1)> 4200 " "> dZ(N/pZ—l)”F(;L)
%-1 —-1
= a;H w+z%mw}
71=0 /=0

9(2) {[ﬂlo) TUUANNpy-1)> 420077 ﬂz(zv/pz_l)“F(/l)

N

= Zﬂy Hy() + Zﬂzj H,(2),

71=0 72=0
N
xay 20, ] =0,---,-1.}.
/ : )2
For a fixed integer 0 <j < N/p, -1, consider the set
{j+kN/p,k=0,---,p, - 1}mod N. For each £#=0,---,

p1 -1, we apply Euclidean division to j+ &N /p, and
N/p,, and obtain integers 0 < g, <N/p,-1, 0</, <
p, - 1 such that j + kN /p, = g, + 5N /p,. Because of the
identity
Po-1
TUO{g/e +

(e +ON/pp k= 0,2+, p, -1}

p-1
= kU {g,+ (he + N /pp1=10,--+,p, - 1} mod N,
=0

within the set Dy we can always decrease @y (j1cn/5, mod(V/p,))>
7=0,--+,p, -1 by one, while increasing a,,, k=10,--,

Research Article

21 - 1 by one. We conclude that the subset 3) of Op is not
empty. To finish the proof, it suffices to show that within D Ja
there exists an element with 4;; >0 for all j, =0,-

N /p, - 1. If this is not true, then there exists 4 < 0 such that

{min{aw g

(D6)

Suppose that @;; = p. Foreach # = 0, -, p; - 1, consider the
nonnegative coefficient of the item A T*V/71 in F(1):
Ay (A)H(2) contributes a negative value 4;; to it, and thus
A5(A)H (1) contributes a positive value. In other words, there
exist integers 0 < g, < N/p, -1, 0 < /b, <p, -1 such that
Jj+EN/py =g, + N /p, and that a,, > 0. It is clear that
gk =0,---, p, - 1 are distinct values. By similar reasoning as
before, we can increase #;(jzn/), mod(V/py))> T = 0,7+, pp = 1
by one, while decreasing a,,, #=0,---,p; -1 by one, in
order to get another element in ® F2 . Thus, we can increase

foi o},

contradicting the definition of y in Eq. (D6).

Proof of Theorem 6:

Combining Lemmas 6-9, we conclude that F(1) can be
written as

max

U=
[ﬂlo d N @205 N :| co?
14-1) ap) | TF

max

2
(@105 a1 /py 1) 8205582 1y 1)]69)

2
FQ) = AW H (),
k=1
ﬂ%—l
where 4,(1) =Y ay € Z[i, 4 > 0,
=0
Hy(2) = @, N1y = 14 20 4 2% oo 4 22700,

which is equivalent to Eq. (22). Equation (23) then immedi-
ately follows from Eq. (22).
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