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Summary. We introduce a new criterion for variable selection in regres-
sion models, and show its optimality in terms of both loss and risk under
appropriate assumptions. The key idea is to impose a penalty that is non-
linear in model dimensions. In contrast to the state-of-art model selec-
tion criteria such as the C,, method, delete-1 or delete-k cross-validation,
Akaike information criterion, Bayesian information criterion, the proposed
method is able to achieve asymptotic loss and risk efficiency in both para-
metric and nonparametric regression settings, giving new insights on the
reconciliation of two types of classical criteria with different asymptotic be-
haviors. Adaptivity and wide applicability of the new criterion are demon-
strated by several numerical experiments. Unless the signal to noise ratio
is very low, it performs better than some popular methods in our experi-
mental study. An R package ‘bc’ is released that serves as a supplement

to this work.
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1. Introduction

Consider the task of estimating the regression function f(x) = E(Y |
X = x). With a given class of linear models, indexed by a € A,
where n is the number of observations, we need to select one of them
to best capture the underlying distribution of the data or best predict
the future response. Suppose that each « is a subset of {1,...,d,},
and that the least squares estimator (LSE) is used to fit each candi-
date model. Given the design matrix X = [«],...,2}]" and observations
Yn = [Y1,- .-, yn]", our goal is to select a € A,, that minimizes the squared
error loss Ln(a) = n7 | fn — fn(@)|?, or the risk R, (o) = E{Ln(a)}
(where the expectation is with respect to random noises) as much as pos-
sible. Here, f, 2 [f(x1),..., f(zn)]", fn(a) is the LSE of f,, in model
a, and [|-|| denotes the Euclidean norm. The above framework includes
the usual variable selection and subset selection in linear regression, and
the selection of basis such as polynomials, splines, or wavelets in function
estimation. We also note that approaching the minimal loss or risk is
usually equivalent to achieving consistency in variable selection when the
true data generating model is inside A,,, as elaborated later in the paper.
A wide variety of criteria for variable selection have been proposed
in the literature, motivated from different viewpoints and justified under
various circumstances. Comparisons of merits and shortcomings of these
methods have flourished in the past decades (Stone, 1979; Shibata, 1981
Nishii et al., 1984; |Li, 1987; [Rao and Wu, 1989; Speed and Yu, 1993};|Shao,
1993; Yang and Barron, 1998)). A detailed summary can be found in the
work of |Shao (1997)). These methods typically fall into two classes accord-
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ing to their asymptotic performances. Methods in the first class achieve
consistency, in the sense that the correct model with the smallest dimen-
sion is selected with probability going to one as n tends to infinity. How-
ever, they usually perform sub-optimally when A, does not contain any
data generating model (a correct model). Examples include the Bayesian
information criterion (BIC) (Schwarz, 1978), minimum description length
(MDL) criterion (Barron et al., 1998; |Hansen and Yu, 2001)), Bayes fac-
tors (Casella et al., 2009), the delete-k cross-validation (CV) method with
lim,, o k/n = 1 (Geisser, 1975; Burman, 1989} Shao, 1993;|Zhang, 1993),
Generalized information criterion (GIC) ) with A, — oo (Nishii et al.,
1984; [Rao and Wu, 1989). Some other methods motivated from the lit-
erature of autoregressive order selection include the Hannan and Quinn
(HQ) criterion (Hannan and Quinn, 1979), the predictive minimum de-
scription length (PMDL) criterion (Rissanen, 1986; Wei, 1992), and the
predictive least squares (PLS) principle (Wei, 1992).

Methods in the second class usually achieve asymptotic efficiency, in
the sense that their predictive performance are asymptotically equivalent
to the best offered by the candidate models, when A,, contains no more
than one correct model. They tend to overfit when there are at least
two correct candidate models. In other words, the smallest correct model
cannot be selected with probability going to one as n increases. Examples
include the Akaike information criterion (AIC) (Akaike, 1970, [1998), C),
method (Mallows, 1973), final prediction error (FPE) criterion (Akaike,
1969)), the generalized CV (GCV) method (Craven and Wahba, 1978)), the
delete-1 CV method (Stone, 1977)) (or leave-one-out, LOO), and GIC,,
with A, = 2 (Shao, 1997). One can define another class by considering,
for example, delete-k CV with k/n — p € (0,1) and GIC), with A, # 2
being a constant. But these criteria usually do not exhibit asymptotic

efficiency in typical situations of interest. From the above, the following
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question naturally arises:

Is it even possible to adaptively achieve the better performance of
the two classes in all situations? Also, for a variety of choices of A,,
which may or may not contain correct model(s), is there a simple way
to consitently select the model that attains the lower bound of £, («) or
Ry (a) as n tends to infinity? These questions are important because in
real applications, usually a data analyst does not know whether the data
generating model is correctly specified or even finite dimensional.

As was discussed before, the ability to consistently identify the smallest
correct model when A,, contains at least two correct models is the typical
watershed of the two classes. We note that consistency in selection implies
asymptotic loss/risk efficiency (which will be elaborated in the next sec-
tion). Thus, an ideal model selection criterion that combines the merits
of both classes would behave in the following manner. It achieves consis-
tency whenever A,, contains at least one correct model (for all sufficiently
large n), and asymptotic efficiency whenever 4,, does not contain any cor-
rect model. The above two situations are also referred to as “parametric”
and “nonparametric”, respectively. Throughout the paper, we allow the
data generating models (and their dimensions in the parametric case) to
be dependent on n. Fortunately, there have been some work towards the
direction of adaptive selection procedures. One approach is to take data-
dependent penalties that bring in adaptation capabilities (Barron et al.,
1994} Hansen and Yu, 2001). |[Yang (2007)) proposed an approach that
examines whether BIC selects the same model successively at different
sample sizes, in order to adaptively achieve asymptotic efficiency in both
parametric and nonparametric situations. Ing (2007) proposed a hybrid
selection procedure combining AIC and BIC in the context of order se-
lection of autoregressive models. A measure called parametricness index

was proposed by [Liu and Yang (2011) to adaptively switch between AIC
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and BIC regimes. Erven et al. (2012) proposed to use a switching distri-
bution to perform sequential Bayesian model averaging or to encourage
early switch to a better model. Their predictive approach can adaptively
achieve the optimal cumulative risk convergence rates and thus provide a
Bayesian remedy for the AIC-BIC dilemma. |Zhang and Yang (2015|) pro-
posed a CV procedure for choosing between model selection criteria, and
showed that the hybrid criterion asymptotically behaves like the better
one of AIC and BIC under a suitably chosen data splitting ratio. In a
recent work, |Ding et al. (2018) proposed a criterion referred to as Bridge
criterion for autoregressive order selection. The main idea is to penalize
different model dimensions with nonlinear penalty terms, in contrast to
the linear terms used by AIC and BIC. In this work, we introduce a new
criterion for regression variable selection or subset selection, motivated by
a similar idea in (Ding et al., 2018]). We stress, however, that the results
developed for autoregressive order selection problem can not be trivially
applied to regression problems. The candidate models as represented by
subsets of variables are usually non-nested, and the form of the criterion
is going to be different (as much different as C), is from AIC). We will
also extend the proposed approach to high dimensional regression. But
due to a similar spirit in choosing the penalty terms, we shall also refer
to the method as Bridge criterion (BC).

The purpose of this work is to provide a theoretical possibility that
the two classes of model selection criteria can be reconciled in one cri-
terion for regression problems. As was summarized by [Shao (1997), the
classical criteria may be written in a form that involves a penalty term
proportional to the dimension of each model. In contrast, a key element
of the introduced BC criterion is that the penalty term is proportional
to 142714+ ... +d~! for each model of dimension d. As we shall see,

employment of this harmonic number makes it intrinsically different with
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any existing model selection criterion, and also “bridges” the features
of the two classes. Under some regularity conditions, we show that BC
achieves the consistency in parametric settings and asymptotic efficiency
in nonparametric settings. As a result, it achieves the asymptotic loss
and risk efficiency in rather general situations.

The outline of this paper is given below. In Section |2, we propose
the new variable selection criterion and define a measure called paramet-
ricness index, along with intuitive explanations. In Section [3] we review
the GIC,, method with A\, = 2 and A\, — oo, with some extensions of
existing results. They serve as the two representatives of various state-
of-art methods. And based on those extensions, we rigorously prove the
asymptotic loss and risk optimality of the new criterion in various set-
tings under reasonable assumptions. In Section [4] an adaptation of the
proposed method is further applied to high dimensional variable selection
where sample size could be smaller than model dimensions. Numerical
results are given in Section |B| demonstrating the performances of the pro-
posed method. We make our conclusions in Section |5, and outline some

discussions on future work.

2. A new variable selection criterion

We define

Su(@) = lyn = ful)|, (1)

and let 62 be an estimator of 2. Many model selection procedures are
equivalent or closely related to the following Generalized information cri-

terion (or GIC), procedure) which selects

n )\nA2dn
Gy, = argmin G, 5, (o) 2 (@) + 2nn (a), (2)
acA, n n
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where A, is a deterministic sequence of n that controls the trade-off be-
tween the goodness-of-fit and model parsimoniousness (Shao, 1997). If
there exist more than one minimizers in , we arbitrarily choose one
of them as &, (e.g. the one with the smallest dimension). Recall that
an = {1,...,d,}. With 62 = (n — dp)~1S(ay), GICy reduces to the
Cp method (Mallows, 1973) and GIC), with n=!\, + A\ 1 (loglogn) — 0
is the GIC method proposed by [Rao and Wu (1989). If we replace 62
with {n — d,(a)}'S(a) and assume n~'\,d,, + n~/2d, — 0, then a
direct calculation (using log(14 z) = z+ o(x)) shows that (2] is basically

equivalent to minimizing

Sp(a) N Andp(ar) .

n n

(3)
In this case, A\, = 2 corresponds to AIC and A,, = logn corresponds to
BIC. Moreover, AIC was shown to be asymptotically equivalent to delete-
1 CV (Stone, 1977) and GCV if d,, = o(n) (Shao, 1997). In general,
delete-k CV has the same asymptotic behavior as the GIC,, with (Shao,
1997)

n
A = 1. 4
. (4)

We propose the following Bridge criterion (BC):

S, A2 H,
Gpc = arg min By, (a) a n(a) 4 2nOnlldy(a)
a€A717d"(a)Sdn(dcx(:2) n n

()

where dgc, is the model selected by GICq procedure, and Hy, (o) =
ZZ’;(IO‘ k=1, The major difference with GIC) & and many others is that
the penalty function of BC is nonlinear in model dimension. More details
on 62, \,, and the performance of BC and GIC will be examined in the
next section.

Below we provide some intuitive explanations. In BC, we start by
imposing a GIC) -type (A, — 00) heavy penalty, but alleviate it more and

more to endow the selection procedure with the following self-awareness.



1) if the model class is eventually parametric, some parsimonious

C
n

model (af) is already adequately explaining the data, so that extra di-
mensions become more and more obviously redundant; In other words,
the models likely to be selected by BC are of dimensions no more than
O,(1) above dy(af). But, within that region, the dispensable candidates
suffer from extra penalties

)\na}% 1 1 Y ﬁ

compared with (the optimal one) of. As long as A\,/d,(af) — oo and

T n
On #4p 0, @ resembles that of GIC,, , thus exhibiting similar asymptotic

.
behavior.

2) if the model class is nonparametric, any model of a fixed dimension
is usually not able to take advantage of more and more observations; thus,
increasingly higher dimensions are likely to be selected. In other words,
larger models tend to be favored, and this is even more accelerated by the
smaller and smaller penalty increments induced by Hy, (4). As a result,
if A\, diverges not too rapidly, BC selects the largest model Gc,, which
is asymptotically loss and risk efficient.

The theoretical analysis of BC will be elaborated in the next section.
We shall show that for a wide variety of \,,’s and parametric/nonparametric
situations, BC enjoys the universal optimality (in terms of handling both
parametric and nonparametric settings). We suggest A\, = nl/3 based
on our extensive numerical experiments. A reasonable baseline level of
performance is achieved without further tuning of \,.

Building upon the proposed criterion, we define the following quan-
tity referred to as parametricness index (PI). p1, = 1 if dy(dge,) =
dn(Gaic,, ) = dn(Gpc), and

dn(é‘GICg) - dn(@BC)

PI, = ~ ~ ~ ~
dn(aGICQ) - dn(ch) + |dn(ch) - dn(aGIC)\n)’
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otherwise, given a prescribed candidate set A,. The A, in the above
GIC,, is chosen to be a diverging sequence to ensure consistency in the
parametric scenario. From the literature, we suggest \,, = logn so that
GIC,,, performs closely to BIC. Following our definition, p1,, € [0, 1]. Intu-
itively, P1, is close to one in parametric scenario where dy, (éc), dn(daic,,, )
do not differ much, while close to zero in nonparametric scenario where
dy(Gpc) and dy,(Geic,) are close and larger than dp(Garc,, ).

The goal of PI is to measure the extent to which the specified model
class is adequate in explaining the observed data, namely to assess the
confidence that the selected model can be practically treated as the data-
generating model (given sample size n). The larger P1,, the more confi-
dence. In parametric situations where BC and GIC),, are consistent in
variable selection, clearly we have p1,, —, 1. Also, whether P{p1,, <t} —
1 for some constant ¢ < 1 in nonparametric situations depends on more
knowledge about R, (-). We shall provide Proposition [3[in Section |3|that
indicates the following simple rule for answering the question if we are in
a parametric or nonparametric scenario: regard it parametric if p1, > t

for some 0 < t < 1 and nonparametric otherwise.

3. Asymptotic performance of classical criteria and BC

In this section, we review the asymptotic performance of classical criteria
in parametric and nonparametric situations, and provide some extensions
of existing results. In addition, we show that no existing method, or any
new one for that matter, can be consistent in selection of the best model
for nonparametric situations. Based on this, for adaptation over paramet-
ric and nonparametric situations, while adaptive selection consistency is
clearly ruled out, there is still hope to achieve asymptotic efficiency adap-

tively. We then prove that the proposed Bridge criterion can achieve such
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goal.

3.1. Regression models and goals

Let A, denote the class of candidate models. Without loss of generality,
we assume that @, = {1,...,d,} is the largest model in A,,. It is common
to allow d,, to diverge with n in order to include any correct model with
fixed dimension (if there exists), and to achieve optimal loss/risk when
no candidate model is correct. We assume that X X,, n =1,2,... are
non-random and invertible. We consider the classical setting n > d,
for now, until we generalize it in Section We refer to d,(a) as the
dimension of model a. Each « € A,, denotes the candidate linear model
that assumes f, is in the column linear span of X,,(«), the corresponding
n X dy () sub-matrix of X,. In other words, the LSE of f,, under model
o is fo(a) = Pu(a)yn, where Py(a) = Xp(o){Xn(a)" X, (@)} 1 X0 ().
We define

An(a) = 0~ Pala)* ful (7)

and refer to it as the model approximation error. A candidate model « is
correct if it satisfies A, (o) = 0. Let AS denote the set of all the correct
candidate models in A,. Let e, = y, — fn = [e1,...,e,]" denote the
noise vector. We assume that ey, ..., e, are independent and identically

distributed (i.i.d.) with variance o2 > 0.

Throughout this paper, the model class is referred to as “parametric”
if AS # 0, and “nonparametric” if AS = (), for all sufficiently large n.
Subsection includes a specific example showing the parametric and
nonparametric settings. If AS # ), we let af denote the model in A¢

with the smallest dimension. We make the following assumptions. For all
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sufficiently large n,

a, Ca,Vae A7\ {a;}  if A} # {a;}, (8)
Rn(af)

N

max
acA\A: Ry ()

— 0 if 0 < card(AY) < card(A,). 9)
Assumption guarantees that o is uniquely defined, and that o, min-
imizes Rp(a) over AS. Assumption @D is required to distinguish the
“parametric” from the “nonparametric”. Instead of assumptions and

@, we may also assume that of is fixed and there exists a fixed vector

B (which does not depend on n) satisfying

Fr = X0 (%), eigumin(Xr X,) ~ n, eigna (X Xy) ~n, n~1d, — 0.

(10)
The conditions given in were commonly used in prior work (Rao
and Wu, 1989; Shao, 1997)). Note that these conditions are stronger than
our assumptions —@D, which allow high dimensional settings where
af varies with n. To see it, suppose that there exists o € A¢ such
that of € a®. Then some columns of X, are linearly dependent, which
contradicts the second condition in . This implies . In addition,
the first three conditions in imply that

liminf min A,(a) >0 if 0 < card(Af) < card(A,), (11)

n—oo acA,\ A

which, together with n='d,, — 0, result in @

The loss and risk defined above may be written as

2
o)+ lenll, (@)

AL = {a ra € Ay, Ly(e) = min £n(o/)}.
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We let o denote the model with the smallest dimension in A% (and we
arbitrarily pick up one from A% if it is not unique). When A% contains
only one element, we write AX = {ak}. We similarly define AF and of.
A model selection procedure is said to be £-consistent if P(&,, € AL) — 1,
and asymptotically loss efficient if £,,(ds,)/Ln(ck) —, 1. Note that the
former concept implies the later one. Similarly, the R-consistency and
asymptotic risk efficiency are respectively defined by P(&, € AZ) — 1,
and Ry, (6n)/Ra(af) —, 1. We say R, (-) is regular, if for any sequence
{om} that Ry(an)/Rn(af) — 1, we have maxqean{|dn(on)/dn(a) —
1]} — 0.

3.2.  Selection consistency and prediction efficiency
Proposition [I] gives sufficient conditions under which the consistency in

selection and asymptotic efficiency are equivalent.
PROPOSITION 1. Suppose that AS # O for all sufficiently large n.

(i) Under conditions (§), (9), and

S nRa(@)} ™ 50 if A, £ A (13)
acA,\Ag
4m.

for some fized constant my > 1 satisfying E(e]™") < oo (recall that

e1 is the noise term), we have

P{Afi — (o}, AL = (a1}, ol = af, = aﬁ} S ()

(i3) If we further assume that d,,(aS) < d for some fived constant d > 0,

and

lim inf]P’{ min  |le,]

n—00 acAg\{ag }

Pu(e)-Pofag) > 0 } >0 (15)

for some fixed constant 6 > 0, then L-consistency and R-consistency,

and asymptotic loss and risk efficiency are all equivalent.
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We note that is a regularity condition that has been commonly
used to derive asymptotic results, for example in (Li, 1987, A.3) and (Shao.
1997, eq.(2.6)). Consider, for example, the typical case where R, (a) >
n~¢ for all @ € A, \ AS and a fixed ¢ < 1. Suppose that card(A, \ A%)
increases as a polynomial in n, and that the moment generating func-
tion of e; exists, then condition is met. An assumption stronger
than was made in (Shibata, 1981, Assumption 2). Condition

holds if, for example, e, is Gaussian and A¢ is a nested class such as

AS = {{1},{1,2},...).

3.3. Asymptotic performance of Generalized information criterion

It has been shown that the asymptotic performance of GIC) & procedure
(and thus many others) largely depends on the choice of \,, (Nishii et al.,
1984; [Li, 1987; |Rao and Wu, 1989; [Shao, 1997)). As a summary and ex-
tension of existing results, we provide the following proposition for GIC)
in two representing cases: A\, = 2 and A\, — oo. In the sequel, we shall
refer to the two cases as GICy and GIC) , respectively. The proof of
asymptotic loss efficiency in case (i) (assuming af, does not depend on
n) and case (ii) were studied in Theorem 1 (i)(iii) and Theorem 2 (ii)
in (Shao, 1997). Proposition [2f summarizes both loss and risk efficiency

in two cases under weaker conditions.

PROPOSITION 2. Assume that 62 —p o? and conditions (@), (@),
hold.

(i) In the case that AS # 0 for all sufficiently large n (parametric), if
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we further assume that

. Rn(ap)

1 i, < 1 1
lﬂsogpaerﬁfﬁt; R () An <1, (16)
limsup > {dn(a) — dn(af)} ™ < 00 (17)
" aeds\{as}

or some fixed constant mg > 1 satisfying E e1™2) < 0o, then GICh
1 n

with A, — 00 is L-consistent and R-consistent.

(11) In the case that card(AS) <1 for all sufficiently large n (parametric
with a unique correct candidate model or nonparametric), then GIC,

is asymptotically loss and risk efficient.

REMARK 1 (INTERPRETATION OF EACH CONDITION). Condition (16])
requires A, to be not too large so that the selection procedure does not un-
derfit. If for case (i) we assume the stronger condition (@ (thus ),
then @ can be implied from limsup,,_,., n~ *Andn(al) = o(1). If we
further assume a fized d,,(S,) that does not depend on n, then it suffices
to require A, = o(n), as is often assumed in the classical model selection
papers.

Assumption is a reqularity condition that implicitly controls the
number of low-dimensional true models, so that the minimal one of, can
be distinguished between the remaining ones in AS,. For nested models in
the form of AS = {a1,a9,...}, a1 S ag € ---, is trivially satisfied
given any mo > 1.

It is assumed that 62 —p o? in both cases. A popular choice is to let
62 = S(an)/(n—dy). It is consistent for o2 if AS # ), but not necessarily
so if A =10. For AS =0, it has been proved in (Shao, 1997, Thm.1A)
that the additional assumptions Ap(&,) — 0,dn/n # 1 guarantee that
62 —p 0.

We note that the results of both cases allow o, to vary with n. In that

sense, what is essential to distinguish the parametric and nonparametric
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situations is not the existence of a correct model of fixed dimension, but

the rate of convergence of risks in A5 and Ay, \ AS (condition (9)).

Proposition [2| states the asymptotic loss/risk efficiency of GICy (resp.
GIC,,) in the nonparametric (resp. parametric) case. In addition, if A
contains more than one correct model with fixed dimensions, then GIC,
is typically not asymptotically loss efficient (Shao, 1997, Thm.1(iii)). On
the other hand, GIC,, is typically not asymptotically efficient in nonpara-
metric situations (Shao, 1997, p.230). These will also be demonstrated

by our numerical experiments.

3.4. Can we select the best model consistently in the nonparametric
situations?

Related to the questions proposed in Section [I} we have discussed that

selection consistency (in terms of both loss and risk) is achievable in

parametric situations. Proposition[I]also shows that asymptotic efficiency

is often equivalent to consistency in a parametric model class.

For nonparametric situations, is it possible to consistently identify the
best model (in terms of the smallest loss/risk)? This subsection gives a
negative answer under mild conditions (which are easily met under famil-
iar model approximation errors). In other words, one could approach but
not exactly achieve the optimal risk, meaning that asymptotic efficiency
is a more suitable concept than selection consistency for nonparametric
model classes. This understanding is important because it immediately
rules out the possibility of adaptation over parametric and nonparametric
situations in terms of selection of the best model, but still leaves the door
open for pursuing adaptive optimal estimation of the regression function.
Indeed, in the next section, we propose an adaptive method that achieves

asymptotic loss/risk efficiency in both parametric and nonparametric sit-
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uations.

In the following theorem and its corollary, we show under reasonable
assumptions that selection consistency in nonparametric models is often
unrealistic. In the following theoretical analysis, we shall focus on risk
consistency due to the discussion in Subsection Most of the state-
of-the-art variable selection criteria as introduced before are based on
the least squares fitting error S, («) that is defined in 1} Let Sy4, 2
[Sn(@)]aca, be the vector of fitting errors of each model in A,,. Let the
map Yn — Un(Yn, An) € A, indicate a model selection procedure. Our
results are concerned with a class of selection rules satisfying the following
two properties.

(P1) Least squares sufficiency: The selection criterion ¢y, (yn, A,) can
be written as ¢,,(S4,) for some mapping Sy, — ¢,(S4,) € A,. In other
words, the selection is only using the information from least squares error
Sa,.

(P2) Reduction compatibility: The selection result & remains unchanged
if any subset excluding & is removed from A,, (and correspondingly S 4,
is reduced). In other words, if A}, C A, and ¢,(S4,) € A}, then
dn(Sa,) = on(Sa,).

A selection criterion is said to be normal, if it satisfies properties (P1)
and (P2). Clearly, all the penalized selection criteria as introduced before

are normal selection criteria.

THEOREM 1. Assume that the noises eq,...,e, are i.i.d. Gaussian
with zero mean and variance o®. Suppose that the model class is nested
in the form of Ay, = {oa,...,aq,}, aj ={1,...,j}, and A5, = 0. Suppose
that for all sufficiently large n,

(i) Ap(ay) — 0, dp/n — 0;

(i) Ry (aft) > n=C for some fized constants ¢ € (0,1);
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(i4i) card(AR) < C for some fized constant C;

(iv) Ay (a) depends only on o;
(v) Ap(af) < b for some constant b
(vi) There exists n' (n’ > n) that is a function of n and satisfies

n 2 (n—n') =0 (18)
n~2{d(ay) = d(a))} = 0, n{An(ar) = An(arf)} =00 (19)

ot call dal) <d, (20)

n'
for any off € AR and off € AZ.

Then asymptotic efficiency can be achieved (e.g. using GIC), while for

any normal selection criterion 1

lim sup Pr, { ¢on (yn, An) & AR} >0, (21)

n—oo
where P, denotes the probability under the distribution of y,.
In particular, all the above conditions are met if the model approxima-
tion error is in the familiar form of Ap(a) = cd(a)™ with ¢ > 0,0 <

v < 1.

A more general result is summarized in Proposition {4] in the supple-
mentary file. We note that in the limit of (21), v, and v, (n # n’)
are not required to be independent, so that the result applies to either

independent realizations or a single realization as n varies.

3.5. Adaptive optimality of Bridge criterion

Recall that our goal of adaptive optimal variable selection is to achieve
L-consistency and R-consistency in parametric settings and asymptotic
loss/risk efficiency in nonparametric settings (thus asymptotic efficiency

in general). Theorem [2| below establishes the asymptotic optimality of
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our proposed Bridge criterion. Its proof is in line with the intuitions

explained in Section

THEOREM 2. Assume that 6’% —p a2, conditions (@, (@, hold,
and either of the following set of conditions hold for all sufficiently large

n.

o Case 1: A5 # 0, N, satisfies (16), and

An
. 22
dlag) 2
Additionally, there exists a fived constant mg > 1 such that E(ej™) <
o0, and
lim lim sup > {dn(a) = dn(as)} "™ =0, (23)
=00 p—oo
a€AS, dn () —d, (ag)>2
lim sup > {dn(@) — dn(af)} ™™ < o0 (24)

"0 wede, d, (o) —dn (as)<k

for any fized positive integer k.

o Case 2: AS =0, \, satisfies

< 4dn(ag)
"~ log dn ()

for any fized constant 0 < q < 2(dy — 1)/do, where dy > 1 is a

A (25)

constant such that d,,(alt) > doy, and R, () is regular.

Then Bridge criterion is L-consistent and R-consistent in the first
case (A% # 0), and asymptotically loss and risk efficient in the second
case (A5 =10).

3.6. Assessment of parametricness
The next Proposition [3| shows that our proposed PI,, converges in proba-
bility to one if the model class exhibits parametricness, and to zero oth-

erwise, under some assumptions. Experimental studies in Section [B|show
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that p1,, does provide the intended indications. For large n, it is either
close to one or not, depending on whether it is truly parametric or not.
In the experimental study, we also report another definition of PI given
by Liu and Yang (2011)), denoted by Plg). The intuition is that dropping
few variables produces a significantly larger increase of fitting error in a

(2)

parametric model class than in a nonparametric one. PI;’ was shown
to converges in probability to oo and 1 in parametric and nonparametric

scenarios, respectively.

PROPOSITION 3. Under the same conditions of Theorem[d, if AS # 0
(parametric), then Pl, —p 1; if AS =0 (nonparametric), and we further
assume that the function Ry : a + Rp(a) + (A, — 2)o%dn(a)/n (resp.
Rn @ o+ Ry(a)) is reqular and has a unique minimum o, (resp. af)
such that

ma. Andy () <ec dn(ay,)
i 2ntni\%)
acA, nRy(a) b dy ()

< C2 (26)

for all sufficiently large n for some fixed constants c1 > 0 and 0 < co < 1,

then P1, —, 0.

3.7.  Simulated validation

PI could provide a quick indication of how much parametricness the model
class exhibits. It is possible to construct hypothesis test of the model class
being parametric against its alternative by bootstrapping. We introduce
another way of assessing parametricness which may be more intuitive. If
computational cost is not an issue, data analyst may choose to generate
simulated data from the selected (and estimated) model, redo the same
model selection procedure as if the simulated data is the original data, and
check whether the same model can be consistently selected. This idea,
referred to as simulated validation, is motivated by the idea of guided

simulation or cross-examination used to compare models [Li et al. (2000).
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In particular, suppose that BC selects model dg¢, with estimated co-
efficients Bdw and regression function fn =X Bdw for brevity. If Gpc is
equal to a, = {1,...,d,}, we expand A,, by introducing another column

of X,, such that X X, remains invertible. We generate data y,, by
Yn = .f ntE&n

where &,, is a vector of independent Gaussian noises with zero mean and

62 variance that is estimated from model Gpc. BC is applied to the data
and select a model ape . Intuitively, if the model class is parametric, the
probability that épe s coincides with dpe is close to one. The expected
result from simulated validation is formalized by the following theoretical

result.

THEOREM 3. Assume that the conditions of Theorem@ hold (for the
original observations). Additionally, we assume that for any model o €
A, that is not the largest model &, there exists a larger model o/ € A,
such that o C &' and card(e/) = card(a) + 1. Then limy, o0 P(dpe =
Gpes) = 1 if the model class is parametric, or limsup, _,. P(Ggc =

Gpe,s) < ¢ for some constant ¢ € (0,1) if the model class is nonpara-

metric.

The additional assumption made in Theorem [3| is to ensure that a
nonparametric model does not exhibit strong parametricness only due to
a lack of competing models (whose dimensions are comparable). It is a
mild assumption which holds, for instance, when .A¢ is a union of nested

models in the form of {i1}, {i1,d2},.. ..

3.8. Discussion on the \,, in BC
In Theorem [2| we have shown that for a wide variety of A\,’s and para-

metric/nonparametric situations, BC enjoys the universal optimality that
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GIC cannot. It is worth noting that though BC and GIC, have )\, in
their expressions, they lead to fundamentally different asymptotic con-
sequences. As we discussed in Subsection asymptotic efficiency of
GIC,, is only possible for either A\, — oo or A = 2, depending whether
the model class is parametric or not. For bounded A, that is not equal
to 2, GIC,, is typically sub-optimal. On the other hand, with a wide
range of \,, BC can be optimal in both parametric or nonparametric
situations. It implies that for a fairly chosen A, data analysts do not
need to worry about whether the model class is well specified or not for
optimal estimation.

A natural concern is how to select A, in practice, since the universal
optimality of BC only holds under some conditions. From Theorem
these conditions depend on how parametric or nonparametric the under-
lying data generating model is. One way of thinking about the issue is
to simply choose a deterministic sequence A, in advance (when the data
have not been observed). Then nature flips a coin, generating a set of
data in a way either parametric or nonparametric. And there will be a
range of parametric or nonparametric data generating models that admit
the optimal property of BC. In our simulation, we find that \, = n'/3
is a reasonable choice in various situations. Another way is to select a
data-driven \,, using cross-validation, which will be discussed in Subsec-

tion

4. Use of Bridge criterion in high dimension (n < d,,)

4.1. Penalized regression
In the previous sections, we have considered variable selection in high di-
mensional situations where models in A,, and their dimensions can vary

with n, but under n > d,. Finding the sparse solution B of the high
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dimensional regression f(x) = Z;-lll Bjx; where n < d,, has also received
enormous attention in the past decades. The state-of-art approach is to
solve a penalized regression. Commonly used penalty functions include
least absolute shrinkage and selection operator (LASSO) and its exten-
tions (Tibshirani, 1996} |Zhao and Yu, 2006} |Zou, 2006), smoothly clipped
absolute deviation (SCAD) (Fan and Li, 2001)), and minimax concave
penalty (MCP) (Zhang, 2010). Given that the model is parametric and
the true B is a sparse vector (with s nonzero entries, s < n), suitable
conditions for consistent variable selection/estimation or prediction error
bounds have been established for the above methods. More details can
be found in (Fan and Li, 2001; Zhang, 2010; Hastie et al., 2015)).
Nevertheless, it is not clear whether the regularization parameters usu-
ally chosen by cross validation are optimal. The theoretical performance
of LASSO etc. in nonparametric situations is not fully understood. More-
over, even if the model is parametric, it can exhibit nonparametricness
when the sparsity s is large relative to n (as we shall see from the experi-
ments in Subsection. Indeed, instability of these penalized regression
methods is well-known and the high uncertainty damages reproducibility
of the statistical findings (Meinshausen and Bithlmann, 2010; [Yu, 2013;
Nan and Yang, 2014; Lim and Yu, 2016|). Here we propose a more reli-
able selection approach that takes advantage of BC together with other

considerations.

4.2. New section method based on BC with variable ordering (BC-VO)
The idea is to utilize penalized regression methods to generate promising
models, obtain a stable marginal weighting of the variables, and form a
set of nested subsets. After we turn subset selection problem to order
selection of nested models, BC can be applied and is expected to work

well adaptively. We call this method BC with variable ordering in weight,
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Algorithm 1 BC-VO method
(a). Randomly split the data into two disjoint parts Dy, Da;

(b). Apply LASSO, SCAD, and MCP to a data set Dy, C D1, and obtain

the union of the three solution paths (denoted by A,,);

(c). Calculate the weight of each model in A, (denoted by w = (Waloed,)
from a data set Dy, C Dy, using an appropriate weighting scheme (described
below);

(d). Calculate the marginal importance from w for each variable k €
{1,...,dy}, defined by up, = > 4 Walkea for k € U, 4 @, and up =0
otherwise, where 1li¢,, is the 0-1 indicator;

(e). Collect the variables with nonzero wy’s, arrange them in descending
order of ug, denoted by i1, 73, ..., and then form a nested model class A, =
{{i1},{i1,i2},...} of size no larger than n;

(f). Apply BC to the second subset of data Dy and select the optimal one

from A,. Apply least squares to the selected variables for future prediction.

or BC-VO. Details are summarized in Algorithm [I]

The above proposed method can be applied to regression variable se-
lection when there is no prescribed candidate models, or when d,, > n.

Next, we explain more details of each step.

The prescreening step in (b) is important because for d,, > n, even the
simple nested candidate set {ay : k =1,...,d,} with o = {1,...,k} vio-
lates the invertibility of X, ()" X,,(a). The w in Step (c) is introduced to
measure the accuracies of the selected candidate models. To obtain w, we
use the adaptive regression by mixing (ARM) weighting scheme (Yang,
2001; Nan and Yang, 2014). A short review of ARM is included in Sec-
tion of the supplementary file. In step (b) and (c), we will assume
D14 and Dyp to be disjoint for technical convenience. But we found from
various experimental studies that Dy, = Dy, = D1 works very well in

practice, and this is the default option developed in the current package
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‘be’. Step (d) uses a weighting scheme to produces the ordering of vari-
ables. It was originally proposed by Ye et al. (2018) to measure variable
importance in high-dimensional regression. Step (e) forms a candidate
class for the application of BC.

Alternative solutions to penalized regression in Step (b) are greedy
algorithms, which make locally optimal choices in each iteration and
build up a nested A,. Examples are the orthogonal matching pursuit
(OMP) (Chen et al., 1989; |Pati et al., 1993)), regularized orthogonal
matching pursuit (Needell and Vershynin, 2009)), compressive sampling
matching pursuit (Needell and Tropp, 2009)), and subspace pursuit (Dai
and Milenkovic, 2009). For example, the OMP algorithm is capable of
identifying af, at iteration d,(af) with high probability, given that X is a
Gaussian or Bernoulli random matrix with n ~ s?log(d,,/s) where s de-
notes the sparsity level (Davenport and Wakin, 2010|). The convergence
rate of OMP, a consistent model selection procedure along its solution
path, and its oracle property were also studied by Ing and Lai (2011);
Ding et al. (2013).

A simpler version of the above selection procedure is to apply only
Steps (a)(b)(f) with A, = A,. Splitting the complete data into two
disjoint part (one for selecting the A,, and the other for «) is necessary,
as we shall explain in the next remark. The idea of forming a candidate
set using the solution paths of LASSO, SCAD, and MCP was also used
to design a variable selection diagnostics measures for high dimensional
regression (Nan and Yang, 2014)).

From synthetic data experiments, we have observed that the simpler
procedure without (c)-(e) works reasonably well in practice, but there
can be uncertainty arising from the choice of splitting ratio. Another
issue is that the final result depends the solution path returned from

LASSO etc., which can be sensitive to data size (Nan and Yang, 2014
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(especially when the size is small). Since variable selection is also of
interest (instead of pure prediction), we propose the additional Steps (c)-
(e) to alleviate the above mentioned issues. These steps first assess the
accuracies of the selected candidate models, and then stabilize variable
selection by assigning importance weights to variables and re-formulating

the candidate set.

Our experiments (not reported due to space limitation) show that the
performance of the procedure (a)-(f) is not sensitive to the splitting ratio
in (a). In the last step of ARM, e~ % is introduced as a prior weight to
accommodate high-dimensional settings (as found in our experiments).
We refer to (Nan and Yang, 2014) for an information theoretical inter-

pretation of C,.

We note that the data splitting used in Steps (b) and (f) are necessary
for consistency, because otherwise the procedures of candidate prescreen-
ing and model selection are not independent, invalidating the indepen-
dence assumption of ey, ..., e,. Moreover, the arguments of asymptotic
efficiency in the nonparametric scenario can be directly applied to the
second subset of data. But it is not clear how to achieve asymptotic

efficiency for the complete design matrix.

In the high-dimensional setting, we would like to study the prediction
consistency and efficiency in both parametric and nonparametric regres-
sion models, just like their low-dimensional counterparts. However, we
have not found a good way of formalizing the prediction efficiency for
high-dimensional models. We leave it as an interesting future work. In
Section [K]| of the supplementary file, we only provide theoretical study
for parametric high-dimensional regression models, in the sense that the

regression function is a linear function of few significant variables.
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Suppose that the data generating model is

Yn = XnB +en (27)

where 3, has s nonzero entries, s being a fixed positive integer. Accord-
ingly, there exists a sparse subset a® € {1,...,d,} of cardinality s that
represents the smallest correct model. The model o€ is uniquely identifi-
able under some assumptions to be made in our theorem. We note that
the assumption of s being fixed was not needed in our low-dimensional
settings in the previous sections. We shall prove that the BC-VO esti-
mate from step (f) exhibits “oracle property” (Fan and Li, 2001) which
also holds for SCAD (Fan and Li, 2001), MCP (Zhang, 2010), Adaptive
LASSO (Zou, 2006) under suitable assumptions. This property means
that as the sample size and model dimension go to infinity, all and only
the true variables will be identified with probability going to one, the esti-
mated parameters converge in probability to the true parameters, and the
usual asymptotic normality holds as if all the irrelevant variables have al-
ready been excluded. This property also holds for SCAD, MCP, Adaptive
LASSO (Fan and Li, 2001} Zhang, 2010} [Zou, 2006).

5. Conclusion

In this paper, we introduced a new variable selection criterion that achieves
asymptotic loss and risk efficiency in both parametric and nonparametric
situations. The proposed method is theoretically intriguing and practi-
cally useful, as it bridges the gap between two typical classes of model
selection methods. Its intrinsic adaptivity to data is mainly due to the
harmonic penalty A, (1+271+-..). In practice when no prior knowledge
about the model specification or data generating process is available, the
proposed method is more flexible and reliable than the two typical classes

of criteria in selecting the most appropriate model. We also proposed a
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procedure for regression variable selection where the candidate set is not
prescribed, or where the number of candidate variables is large relative
to the sample size.

We conclude this paper by providing several ideas for further research.
Firstly, since the proposed criterion admits a wide range of choices of A,
it may lead to a better performance by choosing data-driven A, in a more
principled manner. Secondly, the theoretical results in this paper are for
fixed design regressions, and their extension to random design analysis
would be interesting. Thirdly, adaptive optimal selection of variables in
very high dimensional settings has yet to be systematically studied. For
instance, it is theoretically unclear whether the proposed procedure in
Section {4] can achieve universal optimality as its low dimensional coun-
terpart. Last but not least, it would be appealing to have Bayesian coun-

terpart of the new criterion.

6. Supplementary Material

Detailed proofs and explanations of each assumption are elaborated in

the supplementary file.
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Web-based supporting materials for
“Optimal variable selection in regression models”
by Jie Ding, Vahid Tarokh, Yuhong Yang

A. Notation

We use — and —, to denote respectively deterministic convergence and
in probability convergence, as the sample size n — co. We may drop the
n — oo whenever there is no ambiguity. Let eig,;,(-) and eig, .. (-) denote
the smallest and largest eigenvalues of a symmetric matrix. Let card(A),
la], and H, = >_j_; k="' denote respectively the cardinality of a finite
set, the largest integer that is no larger than a, and the n-th harmonic
number. We use A \ B to represent the set of elements in set A but not
in set B. For a positive semidefinite matrix P, let ||-|| , denote the norm
defined by |le||% 2 e7Pe. Tt reduces to the Euclidean norm I-|| when P

is an identity matrix.
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B. Experimental studies

In this section, we present experimental results to demonstrate the theo-
retical results and the advantages of Bridge criterion on various synthetic
data. The main purpose of the experiments is to demonstrate that the
proposed criterion achieves asymptotic efficiency in both parametric and
nonparametric settings (which is unknown beforehand). We also numeri-
cally study the performance in high dimensional regression models where
dp > n.

In Subsections and the model classes under consideration are
respectively polynomial regression and spline regression. In both cases,
the candidate set is naturally chosen to be {{1},...,{1,...,d},...}, with
d denoting either the degree of polynomial or number of basis splines
being used. The purpose is to show that as sample size increases, BC
behaves closer to the better of GICs-type or GIC, -type criteria. In
Subsection [B.3] we extend the numerical study of BC to high dimensional
regressions where n < d,,, by using the procedure proposed in Section [4

Finally, in Subsection we briefly discuss the choice of A\, in practice.
In some of the tasks, we compare GICy, CVy, BC, GIC,, , CVg4 in

terms of the loss, risk, and selected dimension. The A, in GIC) , is chosen
to be logn so that GIC, 1is almost BIC. The d in CVy is chosen to
meet (4) with A\, being logn, so that CVy is also comparable to BIC.
In applying CV, procedure, for each candidate model, n — d randomly
chosen observations are used for training and an average predication error
is computed using the remaining d observations; then the prediction error
is further averaged over many independent replications, based on which

the optimal candidate is selected.

Throughout the experiments, the A, in BC is chosen to be A\, = nl/3,

except in Subsection [B.4] an adaptive choice of ), is compared. Better
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results may be obtained by fine tuning the optimal )\, for each data
generating scheme. But we found from our experiments that \, = n'/3
gives a reasonable baseline level of performance without the need to do
any further tuning. Let N(u,0?) denote the Gaussian distribution with
mean g and variance o2. The noises e;’s are generated from i.i.d. N(0,0?)
with 02 = 1 unless otherwise stated. The signal to noise ratio (SNR) is
defined by || f.]?/(no?). In a parametric model class A, for each o € A,
we define ) (o) = card(a\af), u, (o) = card(al\«), which represent
the extent of overfitting and underfitting, respectively. In the sequel, we
summarize the averages of u,} (&), u;, (4;,) in parametric settings and
the averages of d,(&;,) in nonparametric settings, with &, denoting the
models selected by each criterion. We also show the values of two different
PI’s, one is the P1,, proposed in this paper, and the other is qu(lz) proposed
by Liu and Yang (2011), defined in Section Fach experiment will
be based on 1000 independent replications, each of which consists of n

independent data (y;, x;), ¢ = 1,...,n. Each mean estimate in the tables

is followed by its standard error in the parenthesis.

B.1. Polynomial regression

Suppose that the regression function is f(z) = >->2, Bir12? (B € 42,0 <
x <1),and y1,...,y, are observed at z =ia/n,i =0,...,n—1 (0 <a <
1). The (i,7)th (1 < i,j < dy) element of X,, is {(i — 1)a/n}’~1. The
asymptotic property of X, has been studied in (Shibata, 1981, Example
3.1). We generated data from model f(x) = 1+ 522 (denoted by M),
and another model f(z) = log(1+46x) (denoted by Ms). Clearly, under
the specified (polynomial regression) model class, M is parametric while
M is nonparametric. The SNRs are 9.3 in both cases. The candidate
models are chosen be A, = {ag, k = 1,...,d,} with d,, = [n'/3], where

oy, corresponds to f(x) = Z?;g Bj+127. The dimension of model ay is k.
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We summarize the performances of BC (employing the default A,, = nt/ 3,
GIC,, CVy, GIC, , and CV, for each n = 100, 500, 1000 in Table [1] and
Table [2| The values of £,,(Gy,), Rn(&y) are analytically calculated using
(12). In Table[l] GICy, and CV, (the “first class”) perform better than
GICy and CV; (the “second class”) for large n (500, 1000), while the other
way around for small n (100). That is because when n is small relative
to dy(af), it falls into the practically nonparametric regime. In Table
the second class outperform the first class for each n. Nevertheless, in all

cases the performance of BC is close to the better of the two classes of

criteria.

B.2. Spline fitting
In this subsection, we use B-splines to approximate an unknown scalar
function f(x), given samples of = and its noisy observations y = f(x)+e.
Similar technique may be extended to multivariate x by using multidi-
mensional splines or assuming additive nonlinear models (Stone, 1985;
Huang et al., 2010). The specified model class is f(z) = Z?:l BB j(x),
where By ;j(x) are B-spline functions of order ¢ with knot sequence ty =
e =tp1 = 0,tp = - =tpype—1 = 1, ty,...,tx—1 being internal knots
equally spaced in [0, 1]. The corresponding design matrix X, of size nxd,
is thus defined by X ; = By j(x;), i = 1,...,n. It is known that X, is of
full rank given that sup e 1) [@n(2) —Q(z)| = o(k~1), where Q, () is the
empirical distribution function of {z;}_;, and Q(x) is some distribution
with a positive continuous density (Zhou et al., 1998, Lemma 6.2). Note
that by Donsker’s theorem, the above condition holds with probability
close to one for z;’s being generated from Q(z) and k = o(n%9).

We use quadratic splines (¢ = 3) to fit synthetic data that are gen-
erated from two models, with z; = i/n, ¢ = 1,...,n. The parametric

model (denoted by M3) uses f(z) = —402? + 40z — 4. The nonparamet-
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ric model (denoted by My) uses f(x) = log(1 + 100z) for < 0.7 and
log(71){1 + 100(z — 0.7)*} for z > 0.7. The SNRs are 16 in both cases.
The candidate models are chosen to be A, = {ax, k = 1,...,d,} with
d, = {nl/ 3], where ay, corresponds to the model of k spline basis. The
dimension of ay, is defined to be k. The results are summarized in Table
and Table[d] In Table[3} GICy, and CV, perform better than GIC; and
CV; for each n. As n increases, BC behaves closer to the first class, and
PI, is closer to one. In Table [4, however, the second class perform better,

and so does BC.

B.3. Variable selection in high dimensional models withn < d,

In this numerical study, we consider the variable selection for f(x) =
Z?;l Bjx; with d,, > n. We adopt the procedure BC-VO proposed in
Section [4] that casts the high dimension problem as a low dimensional one
for BC. Since random design is more commonly used than fixed design
in high dimensional problems, it is natural to evaluate the predictive
performance based on the following risk. R, (é,) = E((&, 8 — B(dx)))?
where @&, is the selected model by a criterion, and the expectation is
taken over B(&y,) and covariate & that is independent of B(ay,). We note
that our present theoretical analysis for asymptotic efficiency cannot be
directly applied to the random design regression, but the consistency
arguments (see Section 4] are still applicable.

For each synthetic data in the sequel, covariates (rows of X,,) are in-
dependently generated. We numerically compute the mean and standard
error of R, (&) in the following way. In each replication, suppose that
B(dn) is the estimated coefficients by a criterion, then we compute the
average of (z;,3 — ,é(dn)>)2 for randomly generated &1,...,2&1000. We
split the data with ratio » = 0.7 when applying step (a) of the procedure

in Section @] In some experiments not reported here, we also chose dif-
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ferent r and the results in Table [ did not differ much. We use the R
package NCVREG (Breheny and Lee, 2011) to perform LASSO, SCAD,
and MCP model selections, and they are applied to the complete dataset
(for a fair comparison with other criteria). The default 10-fold cross-
validation has been used to tune the regularization parameters. Let o
denote the standard deviation of the zero mean Gaussian noise added to
the correct linear model. We consider the three models described below,
each with n = 150,450, d,, = 4n/3, o0 = 1.5,4.5.

Model Ms5. In the first model, 8 = [10,5,5,2.5,2.5,1.25,1.25,0.675,
0.675,0.3125, 0.3125,0,...,0] (with d, — 11 zeros), and the d,, covariates
are i.i.d. M (0,1). The SNR is around 73 for o = 1.5 and 6.5 for 0 = 5.
This model was used by Nan and Yang (2014]).

Model Mg. In the second model, 8 = [2.5,...,2.5,1.5,...,1.5,0.5,
...,0.5,...,0, ...,0] (where 2.5, 1.5, 0.5 are each repeated five times,
followed by d,, — 15 zeros). The first 15 covariates and the remaining
185 covariates are independent. The pairwise covariance between z;, x;
is 0.5/"77l for 1 < i < j < 15, and z;’s are i.i.d. N(0,1) for 16 < i < 200.
The SNR is around 52 for ¢ = 1.5 and 4.5 for ¢ = 5. This model was
used by Huang et al. (2008).

Model M7. In the third model, 8 = [10.5,0,...,0] (with d,, — 1
zeros), and the d,, covariates are i.i.d. A(0,1). The SNR is around 50 for
o = 1.5 and 4.3 for ¢ = 5.

Model Msg. In the fourth model, 8 = [10,10/2'°,...,10/p"?] (with
no zeros), and the d,, covariates are i.i.d. N (0,1). The SNR is around 53
for o = 1.5 and 4.8 for 0 = 5. This model appears to be nonparametric
but can exhibit strong parametricness as sample size increases.

We first consider o = 1.5. Table [l summarizes the results in terms of
Rin(Gn), ub (&), u, (&), and the smallest risk in each setting is bolded.

For the four models, though the data are truly generated from linear mod-
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els, they exhibit different practical parametricness. In M35 and Mg, BC-
VO substantially outperforms the state-of-art penalized methods LASSO,
SCAD, and MCP, especially for larger n. Note that compared with BC,
both SCAD and MCP suffer less underfitting as well as overfitting, but
their risks are larger. To see the reason, we decompose the risk into bias

and variance terms in the following way:

E((®,8~ ) = Es((&,8 — EP))* + EzVar{z" 5}
where B denotes the estimated coefficient vector, and inside Ejz is the
expectation/variance with respect to Jé; (given ). Our experiments (not
reported due to space limitation) show that the larger risks of of SCAD
and MCP are due to their larger bias (than BC) in estimating the coeffi-
cients.

For larger n, the model M3 or Mg exhibits more parametricness (since
the minimal true model does not vary with n), and thus p1,, should become
larger. This is consistent with the PI’s in Table|5| As we discussed before,
a correct model with larger SNR and smaller dimension tends to be more
“parametric”. This seems also true in the high dimensional setting. To
further illustrate that point, in M7, we reduce the dimension of the data
generating model while keeping the SNR close to Mg. The value of p1,
is close to one, and SCAD, MCP, BC-VO perform similarly for both n.
Though LASSO does not exhibit much overfitting, it gives a large risk due
to biased estimation of the ¢1-penalization. In contrast to M7, model Mg
is a nonparametric setting. As sample size becomes larger, the SNR is
saturated and the parametricness becomes more evident. In these four
experiments, the performance of BC-VO is much better than the state-
of-art penalized methods in more practically nonparametric models or
comparable to them in more parametric models.

We then consider 0 = 5 to further study low SNR situations. We re-
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peat all the above experiments and show the results in Table |7} From the
simulation results, there is no method dominantly better than the others.
BC-VO seems to underfit for very low SNR. We found that its perfor-
mance can be improved by choosing smaller \,. For the tabulated results,
we have used the same option (namely n'/3) to avoid cherry-picking for
our own method. An SNR-adaptive choice of A, is an interesting future
work. Overall, it seems that the performance of BC-VO is stable and
comparable with the best result in almost all situations.

All the above experimental results suggest that BC-VO is a promising

new method for high dimensional regression.

B.4. On the choice of \,, in BC

In Section [3.8] we have discussed that BC can be universally optimal for a
wide variety of A,,’s. In practical situations where the theoretical assump-
tions are not easily verifiable, we here propose a data-driven selection of
A (referred to as BC-Dat). The procedure proceeds as follows:

1) resample a dataset of size n (with replacement) D; from the original
dataset D to which BC should be applied,

2) for a grid of A, (e.g. a geometric progression between (1,n) with
common ratio 1.5 in our simulation), run BC, and apply the inference
results to D to obtain a fitting error €y,

3) repeat steps (1)-(2) several times (e.g. 5 times in our simulation),
and select the )\, that offers the smallest €1 + -+ - + €5.

In the above experiments, we also compare BC-Dat and BC, and sum-
marize their risks R, (4y,) for models M;-Mg (with o = 1.5) in Table
The results indicate that the performances of BC-Dat and BC are com-
parable, and that BC is not very sensitive to the choice of A,,. We leave
a more principled data-driven selection of \,, (with provable guarantees)

as an interesting future work.
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GIC, v, BC GIC,, CVy4
Ln(6,) 3521 (0.91) 35.41(0.93) 36.16 (1.01) 37.67 (1.25) 39.35 (1.34)
Ro(Gy) 3227 (0.34) 3256 (0.38) 34.17 (0.63) 38.23 (0.98) 40.47 (1.11)
n=100 wuf(&,) 0.14 (0.01) 0.15(0.01) 0.12 (0.01)  0.03 (0.01)  0.02 (0.00)
uz(6,)  0.01(0.00) 0.01 (0.00) 0.02 (0.00) 0.06 (0.01)  0.08 (0.01)
PI, 0.89 (0.01)
p1i?) 3.16 (0.16)
Ln(&,) 8.61(0.25) 860 (0.24)  6.73 (0.20)  6.10 (0.17)  6.04 (0.16)
Ra(dy) 692 (0.06)  6.92 (0.06) 6.22 (0.03)  6.02 (0.01)  6.02 (0.01)
n=500 wuf(a,) 0.6 (0.03) 0.46 (0.03) 0.11 (0.02)  0.01 (0.00)  0.01 (0.00)
uz (6,)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
PI, 0.95 (0.01)
1 5.20 (0.04)
Ln(&,) 5.08(0.15) 5.13(0.15) 3.49 (0.10)  3.25 (0.08)  3.25 (0.08)
Ro(Gn)  3.69 (0.04) 3.72(0.04) 3.07 (0.01)  3.01 (0.00)  3.01 (0.00)
n=1000 wuf(a,) 0.69 (0.04) 0.72(0.04) 0.07 (0.01) 0.01 (0.00)  0.01 (0.00)
u; (6,)  0.00 (0.00) 0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
PI, 0.98 (0.01)
p1i?) 8.75 (0.06)

Table 1: Performance of each method for polynomial regression in the parametric model

M (values corresponding to £, (d&,) and Ry, (&y) were rescaled by 1000)
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GIC, v, BC GIC,, CVy4
Ln(4,) 58.63 (0.97) 58.80 (0.99) 62.81 (1.10) 73.79 (1.21) 78.58 (1.28)
00 Ro(én) 59.22 (0.54) 59.38 (0.56) 63.18 (0.74) 72.96 (0.94) 77.64 (1.01)
dp(é) 347 (0.02)  3.47 (0.02)  3.36 (0.02)  3.03 (0.02)  2.92 (0.02)
PI, 0.70 (0.01)
pr?) 2.53 (0.07)
Ln(ay) 1525 (0.22) 15.21 (0.22) 16.91 (0.27) 20.58 (0.29) 21.11 (0.31)
0 Ru(én) 14.59 (0.08) 14.56 (0.08) 16.26 (0.16) 20.21 (0.24)  20.85 (0.25)
dp(én)  5.26 (0.03)  5.26 (0.03)  4.82 (0.04)  3.97 (0.02)  3.89 (0.02)
PI, 0.62 (0.02)
P 1.64 (0.02)
Ln(&n) 866 (0.13) 8.62(0.14)  9.56 (0.14)  11.53 (0.16) 11.65 (0.17)
000 Ro(éy) 830 (0.05) 828 (0.05) 9.27 (0.09)  11.43 (0.13) 11.57 (0.14)
dp(é)  6.07 (0.04)  6.06 (0.04)  5.34 (0.04)  4.43 (0.02)  4.40 (0.02)
PI,, 0.56(0.02)
p1i?) 1.42 (0.02)

Table 2: Performance of each method for polynomial regression in the nonparametric model

My (values corresponding to £, (d&,) and Ry, (&y,) were rescaled by 1000)
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GIC, v, BC GIC,, CVq
L.(&,) 36.14 (0.89) 36.10 (0.88) 35.65 (0.88) 32.43 (0.85) 32.31 (0.83)
Ro(éy) 3163 (0.12) 31.63 (0.12) 31.41 (0.11) 30.36 (0.06) 30.44 (0.06)
- wf(&,) 0.16 (0.01)  0.16 (0.01)  0.14 (0.01)  0.03 (0.01)  0.04 (0.01)
uz(6,)  0.00 (0.00)  0.00 (0.00) 0.00 (0.00) 0.00 (0.00)  0.00 (0.00)
PI,, 0.90 (0.01)
1 96.44 (0.58)
Lo(&,) 952 (0.26) 9.48 (0.25)  7.30 (0.22)  6.40 (0.17)  6.38 (0.17)
Ra(éy) 716 (0.07)  7.14 (0.07)  6.26 (0.03)  6.03 (0.01)  6.03 (0.01)
- dn(dy) 158 (0.03)  1.57 (0.03)  1.13 (0.02)  1.02 (0.00)  1.02 (0.00)
uf(&,) 0.58 (0.03)  0.57 (0.03) 0.13 (0.02)  0.02 (0.00)  0.01 (0.00)
uy (6,)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
PI, 0.94 (0.01)
pr 488.03 (2.42)
Lo(6,) 480 (0.14)  4.76 (0.14)  3.26 (0.10)  3.02 (0.08)  3.02 (0.08)
Ro(dy)  3.63(0.04) 3.61(0.04) 3.07(0.01) 3.01(0.00) 3.01 (0.00)
o dn(dy)  3.62 (0.04)  3.65(0.04)  3.07 (0.01)  3.01 (0.00)  3.01 (0.00)
uf(4n) 0.63 (0.04)  0.61 (0.04) 0.07 (0.01)  0.01 (0.00)  0.01 (0.00)
u; (4,)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
PI, 0.97 (0.01)
1 987.01 (3.58)

Table 3: Performance of each method for spline fitting in the parametric model M3 (values

corresponding to L, (éy,) and Ry, (&r,) were rescaled by 1000)
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GIC, v, BC GIC,, CVq
Ln(&,) 11.56 (0.10) 11.57 (0.10) 11.56 (0.10) 12.09 (0.14) 12.62 (0.15)
- Rn(6n) 11.61 (0.05) 11.62 (0.05) 11.61 (0.05) 12.26 (0.11) 12.77 (0.14)
dn(éy) 199 (0.00)  1.99 (0.00)  1.99 (0.00)  1.94 (0.01)  1.91 (0.01)
PI, 0.96 (0.01)
pr?) 6.77 (0.68)
Ln(&,) 210 (0.01) 210 (0.01)  2.13 (0.03)  2.61 (0.04)  2.69 (0.04)
- Rn(éy) 210 (0.01) 210 (0.01) 212 (0.01)  2.59 (0.03)  2.69 (0.03)
do(6m) 479 (0.01) 479 (0.01)  4.76 (0.01)  4.22 (0.02)  4.15 (0.02)
PI, 0.48 (0.02)
p1i?) 1.23 (0.01)
Lo(&,) 1.22(0.01) 1.22(0.01) 1.24 (0.01)  1.52 (0.02)  1.53 (0.02)
o Ra(éy) 119 (0.01)  1.19 (0.01)  1.20 (0.01)  1.49 (0.01)  1.50 (0.01)
dn(éy) 597 (0.03) 598 (0.03) 5.85(0.03) 4.74 (0.02)  4.73 (0.02)
PI,, 0.30 (0.01)
p1i?) 1.25 (0.01)

Table 4: Performance of each method for spline fitting in the nonparametric model My

(values corresponding to L, (é&,) and R, (&y) were rescaled by 100)
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LASSO SCAD MCP BC
Rn(6n) 299 (0.02)  1.35(0.02) 094 (0.01)  0.66 (0.01)
_sp UH(@n)  085(0.03)  0.12(0.01) 005 (0.01) 073 (0.04)
ne us(6n) 219 (0.02)  2.22(0.02)  2.22 (0.02)  2.39 (0.03)
Iy P, 0.64 (0.02)
° pr?) 1.44 (0.02)
Rn(6n) 261 (0.01)  1.08(0.01)  0.69 (0.01)  0.28 (0.01)
o usp “A(@a) 000 (000)  0.00(0.00)  0.00 (0.00) 0.1 (0.00)
- u;(6,) 203 (0.01)  2.05(0.01)  2.03(0.01)  1.98 (0.01)
P, 0.96 (0.01)
P 1.56 (0.01)
Rn(6y) 121 (0.01)  1.01(0.02)  0.80 (0.01)  0.67 (0.01)
_1sg (@) 200(006) 128 (005)  0.88(0.04) 066 (0.03)
"= ug(6,)  0.22(0.01)  1.12(0.03)  2.12(0.02)  1.74 (0.03)
M P, 0.62 (0.02)
6 p1i?) 1.15 (0.01)
Rn(én) 080 (0.01) 047 (0.01)  0.46 (0.01)  0.10 (0.00)
5o (@) 001(000)  0.01(000)  0.01(0.00) 010 (0.01)
"= uz(6,)  0.00(0.00)  0.31(0.02)  1.57 (0.02)  0.10 (0.01)
PI, 0.75 (0.01)
p1i 1.29 (0.01)
Rn(6n)  3.14 (0.01)  0.37 (0.00)  0.37 (0.00)  0.39 (0.03)
L UA(@n) 017 (0.04)  0.08(0.03) 008 (0.03) 021 (0.05)
"= u; (&,)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
PI, 1.00 (0.00)
My p1i?) 44.26 (0.18)
Rn(dn) 278 (0.05)  0.05 (0.05)  0.05 (0.05) 0.05 (0.03)
5o (@) 0.00(0.00) 0.0 (0.00)  0.00 (0.00) 0.0 (0.00)
"= uy (4,)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
PI, 1.00 (0.00)
1) 135.00 (0.00)
Rn(6n)  292(0.02) 203 (0.01)  1.64 (0.01)  1.45 (0.01)
5o (@) 0.00(0.00) 0.0 (0.00)  0.00 (0.00) 0.0 (0.00)
"= u; (6)  191.92 (0.05) 192.58 (0.04) 192.79 (0.04) 192.33 (0.07)
™ PI, 0.57 (0.02)
s 1Y) 1.52 (0.02)
Rn(by) 271 (0.01)  1.84(0.01)  1.47(0.01)  0.97 (0.01)
5o (@) 000(0.00)  0.00(0.00)  0.00 (0.00) 0.0 (0.00)
"= uy (4,) 593.01 (0.03) 593.04 (0.03) 593.08 (0.02) 592.79 (0.03)
PI, 0.87 (0.01)
p1i?) 1.43 (0.01)

Table 5: Performance of each method for high dimensional models M5-Mg with ¢ = 1.5
(values for R, (&), ut (&), uy, (Gy,) in M7 were rescaled by 10)



Variable selection
LASSO SCAD MCP BC
Ru(dn) 8.04(0.09)  5.21 (0.08) 524 (0.08)  6.65 (0.10)
ul(dn) 2048 (0.27)  12.66 (0.22)  4.78 (0.13)  2.01 (0.09)
=100 SG,) 312(0.03)  341(0.03) 411 (0.03) 528 (0.03)
Pl, 0.52 (0.02)
Ms 1 1.46 (1.26)
Ro(an)  3.63(0.05) 199 (0.04)  1.84 (0.04)  2.41 (0.05)
uf(a,) 1938 (0.21)  13.78 (0.22)  6.67 (0.18)  2.23 (0.12)
n=A0 San) 223(0.03)  234(0.03) 273 (0.03)  3.69 (0.03)
PI,, 0.41 (0.02)
p1i?) 1.43 (0.02)
Ro(dn) 7.15(0.09) 1135 (0.13)  11.53 (0.14)  9.25 (0.14)
u(a,)  18.36 (0.35)  19.10 (0.25)  8.72 (0.15)  2.62 (0.08)
=10 San) 231 (0.03) 424 (0.04) 586 (0.04) 559 (0.06)
P, 0.37 (0.02)
Ms 1y 1.30 (0.01)
Rn(dn) 275 (0.05)  3.13 (0.05)  2.91 (0.05)  2.42 (0.05)
wH(an) 2555 (0.48)  30.84 (0.50)  12.10 (0.26)  2.18 (0.09)
n=A0 S a) 093 (0.03) 187 (0.03) 305 (0.03)  2.92 (0.04)
Pl, 0.29 (0.01)
p1i 1.20 (0.01)
Ru(dn) 174 (0.05)  0.56 (0.04)  0.65(0.05)  1.25 (0.08)
wh(an)  7.12(0.25) 277 (0.17)  1.46 (0.10)  1.39 (0.10)
=100 SG,) 0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
P, 0.82 (0.01)
My 1. 40.92 (0.40)
Rn(dn) 0.66 (0.04)  0.21 (0.04)  0.23(0.04)  0.31 (0.04)
wh(an) 625 (0.20)  2.87(0.17) 151 (0.11)  0.54 (0.07)
=450 S, 0.00(0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
PI,, 0.94 (0.01)
1) 130.55 (0.76)
Rn(dn)  6.65(0.06)  5.18 (0.05)  5.23 (0.06)  6.74 (0.08)
wf(&,)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
=100 —an) 17819 (0.31) 18423 (0.25) 19112 (0.15)  194.45 (0.13)
PI, 0.55 (0.02)
Ms p1t?) 1.49 (0.89)
Ru(dn) 344 (0.02) 254 (0.02)  2.48 (0.02)  3.18 (0.03)
wf(&,)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)  0.00 (0.00)
n=A30 S an) 57465 (0.23) 57832 (0.25) 586.17 (022) 592.72 (0.15)
Pl,, 0.41 (0.14)
1y 1.69 (0.14)
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Table 6: Performance of each method for high dimensional models Ms-Mg with o = 5

(values for R, (dy,

)s ut (Gm),s uy, (G) in My were rescaled by 10)
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n =100 n = 500 n = 1000

BC BC-Dat BC BC-Dat BC BC-Dat
M; 3411 (0.61) 3549 (0.72)  6.20 (0.03)  6.87 (0.06) 3.07 (0.01) 3.49 (0.04)
M, 63.14 (0.74)  61.14 (0.59) 16.24 (0.16) 15.98 (0.15) 9.26 (0.09) 8.87 (0.08)
Ms 3139 (0.11) 31.42 (0.11)  6.26 (0.03)  6.81 (0.06) 3.07 (0.01) 3.57 (0.04)
M, 11.60 (0.05) 11.71 (0.06) 2.13 (0.01)  2.15 (0.02) 1.21 (0.01) 1.24 (0.01)

Table 7: Performance of BC and BC-Dat for variable selection in models M1-My, and their

performance for high dimensional models M35-Ms is equivalent (which is therefore omitted)
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C. Proof of Proposition(d]

We first prove identity (14)). It is clear that af, minimizes R, () over A5,
For all sufficiently large n, condition @I) implies A C A¢, which further
implies that aff = a¢ and it is the unique element in AZ. Based on the

argument in (Li, 1987, p.970), condition implies that

“72dn(a) — e, Hy(a)e,|
0. 28
aerﬁg iiA; nly () ' (28)

It then follows from

Rn(a) = Ln(a)] _ |‘72dn(a) — ey Pula)e,
Ly Oé) nﬁn(a)

that

Ru(a) = Ln(){1 +0p(1)} (29)

Rn(a)/Ln(a) —

1| —p 0. For any fixed constant € > 0, Markov’s inequality gives

uniformly in o € A, \ A7,. In other words, max,e 4,\ 4¢

P{Ln(al) < 2e "L dy(a)o?} > 1 — % (30)

It follows from , that
c -1,,—1 2 —1 c
L,(af) < 2e7'n" dp(a)o < 4de™ Ry (af)

n

Ln(a) — Ra(a){l+o0p(1)} ~ Rn(a)

(31)

with probability at least 1 — ¢ for all sufficiently large n. We further
conclude from @[) that

P< L, (af i Ly 1 32
{eatat) < min, 2o}~ (32

for any fixed constant 0 < ¢ < 1. Moreover, due to (§]), a$ minimizes
L, (a) over AS almost surely. Thus, P{AY = {al} ok =ac} — 1.
Next, we prove the equivalence of four concepts. From , L-consistency

and R-consistency are equivalent. Since R-consistency (resp. L-consistency)
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implies asymptotic risk (resp. loss) efficiency, it remains to prove that

asymptotic risk (resp. loss) efficiency implies risk (resp. loss) consistency.
Because of assumption @D, asymptotic risk efficiency implies P{&,, €

A} — 1. Considering the events within &, € A%, R, (dn)/Rn(af) —p 1

becomes

dp(é)
dn(as,)

) is upper bounded by a fixed constant (denoted by c¢y),

—p L. (33)

C

Because d,,(af,

Pan #a%} < P(

s o) o

and thus (33) implies P{&,, = af} — 1. It follows from that P{&, =
aff} — 1.

Due to ([32)), asymptotic loss efficiency implies P{a,, € A%} — 1. From
, it remains to prove that &, /4, aof, implies £, (4y)/Ln(0s) #p 1.
In fact, if &, /4, of, then it follows from , , and the boundness of
dn(af,) that

. 2
Ln(an) 1= Z HeTLHP"(a)fP,L(g;) 1 7L> 0 (35)
= bn=a 77p U

c 2
Ln(as,) acAs\{ac} len P,(ag)
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D. Proof of Proposition 2]

Case 1). Recall Proposition || that af = a¢ = aff with probability
tending to one. To prove that GIC,  is L-consistent and R-consistent,
it suffices to prove that P{&, = af} — 1. It has been proved under

condition that (Shao, 1997, eq.(3.7))

Gp, () =

2 ~2 T
leal? . Ano2dn(0) _ epPu(a)e foea

(An62 —20%)dy, ()

n
2
€0l 4 £o(0) + op{ate) + e A4,

(36)

where the o, is taken uniformly in o € A4, \ AS.

It follows from A, — oo and 62 —, 02 that P{\,62 — 202 > 0} — 1;
Moreover, from identities and , it holds with probability tending
to one that

Gn,An(Q%) - HenHz/n < AR (ay,)
G, (@) = len]?/n = Rala)

{1+ 0p(1)}

uniformly in a € A,, \ AS. It then follows from condition that

ey 2
P{ ax Gn,)\n (Qn) ||6”H /7’L < Q} — 1 (37)

m 2
acd\As Gy, (o) = |len]]”/n

for some constant g € (0,1). Therefore,

P{ min G a) > G ay) e — 1,
{OCE./47L\./4$l n7A" ( ) n7An (f'n,) }

which implies P{4,, € A} — 1. It remains to prove that P{&, =

ol Gy € ASY — 1, or equivalently,

Yns

P min  Gp, (o) > Gy, (a) ¢ — 1. 38
{ min Gunf0) > G e} (39)

=n
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For any o € A%,

Gn,An (a) - Gn,)\" (Q;EL)

2
—~ %&n{dnm) — dn(af)} (An - &?‘L'{Z’(’;)(“ déa)>}> (39)

From (Whittle, 1960, Thm.2),

(He’%’n(a)Pn(afb

2mo
) _0_2 a) —d, o)y Mz
dn () — dn(at) > < O{dn(@) = dn(af)} (40)

By Markov’s inequality, we obtain

el ey N -
]P’{d (a)(_)d (E;Cn)) —o?> 5} < (052 2(dy (@) — dn(aS)} ™ (41)

for any constant § > 0. This together with implies that
2
||e||Pn(a)—Pn(g;)

= 1). 42
aegi};gg dn(a) - dn(@%) Op( ) ( )

Applying condition and A\, — oo to identity , we conclude that
holds.

Case 2). It has been proved under conditions 62 —, o2 and
that (Shao, 1997} eq.(3.2))

2 ~2 T
lenll N 26,dn(@)  epPu(a)es oA
Gna(a) = Hen||2 " " (43)
e+ Lo(@) + 0p{Ln()} ifaeA,\ A5

where the o), is taken uniformly in o € A, \ AS, (as before). If card(\A) =
0, it is clear that minimizing G, 2(«) guarantees asymptotic loss effi-
ciency. If card(AS) = 1, then conditions (9), (29), and imply both
P{G,2(a) > Gp2(at)} — 1 and L,(af) = 0p{Lp()} uniformly in
a € A, \ AS. Thus, the selected model is asymptotically loss efficient.
The asymptotic risk efficiency can be similarly proved using .
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E. Proof of Theoremfll

A more general result is summarized in Proposition |4l To prove , we
only need to verify the assumptions there. Assumption ii implies assump-
tion ii in Proposition 4} Assumption iv trivially implies assumption iv(c)
in Proposition Assumptions v and and the nested model imply
assumption iv(e) in Proposition |4 Assumption and the model being
nested imply assumption iv(f)(g) in Proposition

Moreover, in the particular case of A,(«a) = cd(a)™7, it is sufficient

1 1)_

to simply choose n’ =n - (14 n~¢) with any ¢ € (3, T

PROPOSITION 4. Assume that the noiseseq, ..., e, are i.i.d. Gaussian
with zero mean and variance o*. Assume that AS = (. Suppose that for

all sufficiently large n
(i) Ap(an) — 0, dp/n—0;

(ii) Condition holds;
(i) card(AE) < C for some fized constant C;
(iv) There exist n’ (n' > n) that is a function of n and satisfies
(a) n=2%(n—n') =0,
(b) =1 {d(eff) — d(aff)} = 0,
(¢) n'*{An(eg) = Aw ()} = 0,
(d) n{An(of) — An(agi)} — oo,
(¢)
i sup (800 = An(0)) — (A af) — Bulal})}
e VrdAn(of) - An(al)}

(f) AFN AL =0,

< 2V/e,
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(9) AR c A, AE € A,,

(h) ag & o

n'’
for any off € AL and off € AL.

Then the conditions of Proposition @(z’z’) are satisfied (so that asymptotic

efficiency can be achieved), while for any normal selection criterion 1

lim sup Pn{wn(yny An) g Af} >0, (44)

n—oo

where P, denotes the probability under the distribution of yy.

Proof of Proposition [&

It can be verified that the conditions of Proposition (ii) are met. In
particular, assumption (i) guarantees 62 —, o (by Remark .

For notational convenience, let ny = n and ny = n’ (which depends

only on nq). Since

. L. 1
hmsuppn{d)n(ynv/{n) ¢ Aﬁ} > I}Lrlnﬁlgof<2 Z Py, {%k (ynMAnk) ¢ Aﬁk)a

n—00 h=1.2

and property (P1) implies that vy, (Yn,, An,) = én,(Sn,), We only need
to prove that

hminf(; > Po{dn.(sn,) ngﬁk) > 0.

n,—00
k=1,2

Using property (P2) and assumption (iii), it suffices to prove that for any
oszl €A, oszz € A,,,
> P {on(S) ALY} >0 (45)
k=12
for some fixed constant § > 0, where

ol

S Snk(aR)7Snk(aR )}T

Ty T2

under probability P,,, . Note that the distribution of S depends on whether
k=1,2.
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To prove , we shall use an adaptation of Le Cam’s method. For
each « € A,,, we let 1; , denote the card(A,,) x 1 zero-one vector that
contains a unique ‘1’ representing «, and let Iyr = {1, : a € AR}
for kK = 1,2. For a point x and set S in the Euclidean space, we define
D(z,S) = infseg||x — s||. For any selection criterion ¢y, restricted to S,

it defines the test statistic

1 if D1y, (s),dar ) < D(1y4, Iyr)
T(S) = Hny (S)r Lol ny (S)r taff,
2  otherwise.

If T(S) = 1, then assumption iv(f) guarantees that D(1, (s),1ar ) # 0,
which further implies that D(1¢n2( sy 1 Af§2) = /2. Therefore,

1
P, {¢n,(S) ¢ AL} = ﬁE2{D(1¢>n2(S)JAﬁ2)}
1
> 2E2{D(1¢n2(S)uIAﬁz)lT(S):l} =Pp,{T(S) =1}

where 1) is the indicator function, and Fj is the expectation with respect
to Py, (k=1,2). Similarly, Py, {¢n,(S) &€ AL } > P, {T(S) = 2}. Thus,
we obtain
> Pu{on(S) g AFFY = > P {T(S) # k). (46)
k=1,2 k=1,2
Let P, and pi denote the probability distribution of S and its density

function under sample size n; (k = 1,2), respectively. The right hand

side of is minimized by the Neyman-Pearson test

1 ifpl(S) >p2(S)
Tnp(S) = )
2  otherwise

Direct calculation gives

S P AT(S) #k} = > Pu{Tkp(S) # k} =1 — Doy(Py, Pa). (47)

k=1,2 k=1,2
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Combining , , and , it remains to prove that

lim sup Dy (P, Py) < 1.

n—oo

For notational convenience, let

Uy 2 S, (o), Uy 2 S, (alt) = Sy, (aF)

ni 1

>

‘/1 :Sng(aR)a Véésnz(aR)_Snz(aR)

1 ni

Let di,d2 denote the dimensions of afl,a,i, respectively. Direct cal-
culation shows that Uy, Us, V4, Vs follow non-central chi-squared (nc-x?)

distributions with non-centrality parameters and degrees of freedom given

below
Ui ~ nC—XQ(sgj,r?), 55] = nlAnl(afl), Tij =ny —d,
Vi~ nc—xQ(s}/, r}/), SY = n9An, (047131), TY =ng — da,
Uz ~ nC_X2(82U7T2U)7 Sg = nl{Am(aT}i) - Am(aﬁz)}v T2U =dy — du,
Vo ~ HC-XQ(S;/,’I”;/), S;/ = nQ{Ang (O@}i) - An2 (arfi)}? ’I”;/ = d2 - d17

It follows from the assumptions of Gaussian noise and assumption iv(h)

that Uy, Us are independent, and V7, V5 are independent. As a result,

Dry(P1,P2) = Div(Ply, v, —vs), Prvavi—va)) = Dv(Pu, v, Py va))-

From Lemma

2
Dy (Py,Py) < Z Doy (Py,, Py, ).

k=1
Next we prove that
lim DTV(]P)Ul B ]:Pvl) - O, (48)
n—oo
lim sup Dy (Py,, Py, ) < 1. (49)

n—oo



Variable selection 57
Let Z denote the standard Gaussian random variable. By triangle

inequality and Lemmas [2| we have

Dry(Pu,, Pv,) = Div(Py, —rv —sv) ) s Pvy et sty ) iy
< Cr+ Div(Pz, Py, —pv_gvy/ /my)
< C1 4 Drv(Pazib, Pevy -y —sv) /. mz)
<Oy +Cy+Cs

where

A
C1 = Drv(Py,—rp—st)/ i P2)
A A
C2 = Div(Paz45,Pz), O3 = Duv(Pz, Py vy —ovy/yms)s
a fnr A (=) +(sf — sY)
a=,/—, b= .
ng \/772
From Lemma {4 and Lemma holds as long as the following condi-
tions hold.

" 140(1) (50)
n2
nlAm (04711{1) - nZAnz (afl) _
T = o(1) (51)
(n1 —di) — (ng — da) _
v = o(1) (52)

as n =ny — oo. In fact, assumption iv(a) implies (50]), assumptions ii,
iv(a)-(c) imply (51]), and assumptions iv(a)(b) imply (52).
To prove , by Lemma @, it suffices to show that

U_ .V
s§ — oo, lim sup %2 % 24/e. (53)

n—00 /82U
In fact, the two inequalities in are implied by assumptions iv(d)&(e),

respectively.
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F. Technical lemmas for the proof of Theorem[f]and Proposition 4]

We first introduce some new notation. Total variation distance of two
probability measures P, ) on a sigma-algebra F of subsets of the sample
space X is defined by Dy (P, Q) = supycr |P(A) — Q(A)|. It is related
to the Ly distance by the identity 2D (P, Q) = || fp — fqll; where fp, fo

are absolutely continuous probability density functions.

LEMMA 1. Suppose that U = [Uy,...,Ux]" and V = [Vi,..., Vi]" are
random variables defined on a common probability space such that oll U;’s

are independent and all V;’s are independent. Then

k
DTV(]P)Ua PV) < Z DTV(]P)Ui ) PVI»)‘

i=1
PROOF. The proof follows from the definition of total variation dis-
tance and the elementary inequality | Hle a; — Hle bi| < Zle la; — by

for all real values a;’s and b;’s that |a;| < 1, |b;| < 1.

LEMMA 2. Suppose that U and V are random wvariables, and a,b are

deterministic values. Then

Dy (Pavb, Pavis) = Doy (Py, Py).

PRrROOF. The scale and shift invariance directly follows from the defi-

nition of total variation distance.

LEMMA 3. Suppose that U is a univariate Gaussian random variable,
and ay, b, are deterministic sequences such that a,, — 1 and b, — 0 asn

goes to infinity. Then

lim Doy (Pa,v4s,,Pu) = 0.

n—oo

Moreover, double indexed sequences an; and by ; satisfy

max |a,; — 1| = 0, max]|by, ;| — 0, (54)
i€l i€l,
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for some set I, € {1,...,n}, then

lim max Dy (Py, .u+s, ,,Pv) = 0.
n—oo i€l ’ ’

The result for the case of an; and b, ; can be similarly proved.

PROOF. Suppose that U ~ N (g, 08). Let 1 = appio +by, 0% = a%ag.
The Kullback-Leibler divergence from P, 71, to Py is
1 /o2 2 o2
2 \ o} o7 op
which goes to zero as n — oo. The desired result then follows from

Pinsker’s inequality.

The following lemma shows that with large degrees of freedom (com-
pared with non-centrality parameters), standardized noncentral chi-squared
distributions converge to standard Gaussian distribution in total variation

distance (which is stronger than the usual Kolmogorov distance).

LEMMA 4. Suppose that X, is a sequence of noncentral chi-squared
random variables with degrees of freedom r, and non-centrality parameters
Sp. Suppose that ry, sy, t, are deterministic sequences such that r,’s are
positive integers and as n — 0o,

Sn

Sp — 00, . — 0, (55)
:i Sl (56)

Then Dy (Pg ,Pz) — 0 as n — oo, where

Xn == Xn _\</Tti+ Sn>7
n

and Py denotes a standard Gaussian distribution.

PRrROOF. For any fixed § > 0, we prove that

DTV(anapZ) <9 (57)
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for all sufficiently large n. The probability density function of X, is given
by

f flf rmsn Zh’ /2 fan+21( ) (58)

where hg /o(i) is the distribution function of Poisson with mean s,/2,
and Y, is distributed as chi-squared with r degrees of freedom. Condition
and the Chebyshev’s inequality imply that
. . Ao, S
nh_>rr010 XI: hs, j2(i) = 1, where I,, = {z tli— ?n‘ < (snrn)1/4}.
1€1p

By triangle inequality and the definition of Ay /o(-),

D (Pg ,Pz) < ;i hs, /2(1) Hf{yrﬁw(rﬁsn)}/\/g - fZH1

g+ Zhsn/g Hf{an+2 (rntsn)}/Vin — fZH
5

iel,
1
3 +3 2 Iz%g}x rnd2i—(Tntsn) Y/ Vin fZHl (59)

for all sufficiently large n. By Lemma

Hf{an_W,;f(rnJrsn)}/\/E - fZH1 = Hf{yrﬁzﬁ(rﬁzi)}/m — fanZ+b,
< | Fvsn—trsziyvirm = 2|+ Wanzio, = F2lli (60)

where

A tn b Sp — 21
Vo200 Y 200
It can be proved that condition holds. Then Lemma (3| implies that

26

1 fanz+0, = fzll = 3 (62)

1>

(61)

an

for all sufficiently large n. Moreover, by (Prohorov, 1952; Bally et al.,
2016, Theorem 2.2)

[r—— s 3
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for all ¢ € I, for all sufficiently large n.
The proof is completed by combining inequalities , , , and

(63)-

The following is a technical lemma stating that a Poisson distribution
has negligible total variation distance to its shift as long as such shift is

small.

LEMMA 5. Suppose that X, is a sequence of Poisson random variables
with mean 7, — 00, and p, s a deterministic sequence of integers such

that pn, = o(\/T). Then Dry(Px,,Px,—p,) = 0 as n — oco.

ProOOF. It follows from the assumptions and the Chebyshev’s inequal-
ity that
. . A . .
nl;néoz h:, (i) =1, where I, = {z i =l < (Tnpn)l/A‘}.
iel,
For any fixed § > 0, we have

S < Y )<,

iZl, i—pn &l

(64)

w\o)

for all sufficiently large n. For all i € I,, we have ¢ + 7, ~ i. By Stirling’s

formula,
P(X,=14) T (i 4 1))
P(X, — pp=1) i
~ TP (H””> v <1 + p,">i<i + pn>”"
(3 (3 e
~ 7, P (i + pn)P" = o(1) (65)

uniformly for ¢ € I, as n — co. Combining and we obtain

zEI

for all sufficiently large n.
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The following lemma shows that with the total variation distance be-
tween two noncentral chi-squared distributions is close to zero as long as

their difference in mean is small compared with their standard deviations.

LEMMA 6. Suppose that X1 ,, X2, are two sequences of noncentral
chi-squared random variables with degrees of freedom 114,72, and non-
centrality parameters s1p,S2,, respectively. Suppose that vy p, sk, are
deterministic sequences such that ry,’s (k = 1,2) are positive integers

and as n — 00,

S1,n — 00, (66)
T T2, (67)
Sin
lim sup U A 2¢/e. (68)
n—00 S1,n

Then limsup,, ,., Drv(px,.,.,Px,.) < 1, where px denotes the distribu-
tion of X.

PRrOOF. Choose any fixed ¢ such that

0<3(5<1—hmsup —S2m.

n—00 2\/6 Sln

We prove that Dyy(Px, ,,Px,,) < 1—0 for all sufficiently large n. For

simplicity, we assume that r;, — 72, are even numbers. Other cases

can be similarly proved. Define I, = {i : \2 —s10/2] < 31/2+ } for any
e € (0,1/2). Similar to the argument in we have
5 §
D P o) < . hg.p@sy (69

’lg[ i_(Tl,n,_T2,n)/2€In
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Using and identity we have

[\CRS)

Drv(Px, ., Px,,) < 5 + > sy j2(8) = Py 2] - (s, s ()1

i€l,,
J=t+(r1i,n—"2.n)/2

IN

+ DTv(PYLn ) IP>Y2,n—(h,n—7’2,n)/2)

IN
(RSO R ReY

+ Div(Py, .., Py, ) + Div(Py, ., Py, —(ry . —ra.0)/2)
(70)
where Y] ,,, Y2, are Poisson random variables with means s; /2, s2.,/2,

respectively. Lemma and conditions , imply that

4]

DTV(PYQ,n7IPYz,n*(?”l,n*Tzn)/Z) S 5 (71)

for all sufficiently large n. Using (Adell and Jodra, 2006, Inequality 2.2),

Dy (Py,,.: Py ) <4/ Z1\ 57 =1/
v ( Yino Yz,n) = \/? \/j \/7

_ L Isun—saal
\/E VS1n + /S2n
<1-26 (72)

for all sufficiently large n, where the last inequality follows from condition

. Combining — we complete the proof.
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G. Proof of Theorem

REMARK 2 (INTERPRETATION OF EACH CONDITION). The conditions
that do not appear in Proposition [9 are explained below. In view of the
previous intuitive arguments, s a reqularity condition to guarantee
that GICy does not overfit too much, namely dp(Geic,) = dn(af) + Op(1)
i parametric scenario. Conditions (@ and ensure that @ are
sufficiently large penalties to eliminate all the remaining overfitting can-
didates. We note that together with gives a stronger version of
condition . They are trivially satisfied for nested model classes, given

that E(e}®) < oo for some constant § > 0.

In the nonparametric scenario, controls the divergence rate of A,
so that the optimal performance at the boundary &aic, can be reached. The
reqularity of Ry (+) serves to further ensure that A, < G d,(Gaic,)/ 10g dn(éaic, )

for some constant § < 1, which is used in the proof.

The regularity of Ry (-) means that the optimal (sequence of) risks

Ra(al) can be approached by o, only if the model dimension dy ()

n
and one of {dn() : a € A} are comparable. It is a mild assumption.
Consider, for example, A, = {a1,as,...},aq ={1,...,d} with algebraic
decaying model approzimation error: An(agq) = cd™". For this case, we

have dp(aft) ~n"™ (0 <7 < 1). In view of Remark suppose that in the

parametric case, a fived d,(al) and condition (@ are further assumed,

then A\, ~ n” with any 0 < 7 < r suffices to meet all the conditions

(@, (@, . In fact, the assumption of reqular Ry(-) is mostly for
easy verification when R, (-) is known, and it is not essential. Instead,

one may require Ay, < qdn(Gac,)/logdn(éec,) directly. The condition

R

dn(aB) > dy for some constant dy > 1 is mild since d,(al

) — o0 is
common in nonparametric model classes (as we have discussed before).

It is only to guarantee that implies Ay, < qdn(«)/logd, () for all
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ac AR
We note that the divergence rates of dy, and card(A,) are not explicitly
required in Theorem @ (or in Proposition 1| and @ They implicitly play
a role in conditions such as @ Also, of is not required to be bounded

by a fized constant.

Proof of Theorem [2

Throughout the proof, let &, denote the model selected by Bridge
criterion.

L-consistency and R-consistency under AS, # 0

Step 1): We first prove that dy, (&aic,)—dn () is stochastically bounded.
Identity , 62 —, 02, and conditions @, imply that

P{ min Gy 2(a) > Gn,2(afl)} — L
aeA”\‘AfL

Thus, it suffices to prove that the dimension of argmin,e 4. Gn2(a) is
dn(0s) + Op(1). For v € A5, from ([43), the event Gpa(a) < Grna(as)
implies that

262 {dn(0) — dn(af)} < llellP, ) = llellZ, (ac)s

or by ,

lell, @)—p, (ac)
dn(Ol) - dn(gﬁ)

For any fixed € € (0,1), since &, —, 02, there exists ny € N such that for

—0%> 262 — o2 (73)

all n > nq,

1
P{Q&ﬁ —o?> 202} >1- % (74)

Similar to the proof of , we have

He ?D(a)—IP’ (ac) 9 o2 o2 —2ms
) i = - — Cy1—ms.
P{ (@) —dn(ag) © 2 } = C( ) > {dn(a) —dn(ay)}

(75)
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Combining assumption and inequality , there exists no, k1 € N

such that for all n > no,

lell?, (a)=P(ac) o2
P e
{aeA;,dn(IoIcl)Ei)iln(az)>k1 dn(a) — dn(as,) 7 2 }

It follows from and that for all n > max{ni,na},

HGH% () —Pn(ac)
P n n A\ ==,
{aeAg,dn(ro?)ai}én(aa)>kl dn () — dp(as,)

which further implies that
U Grafa) < Graaf) | (78)
aCA;, dn(@)—dn(a;) >k
holds with probability less than e. Therefore, dy,(Gqrc,) = dn(af,) +O0,(1).
Step 2): We prove that P{4&, = af} — 1. We first prove P{&, €
A} — 1, which only requires the proof of

P min B a) > B af) y — 1. 79
{aeAn\A;,p(a)Sdn(dch) na (@) "’A"(”)} (79)

We then prove P{&,, = af, &, € A5} — 1. Comparing the definitions in

and , we can calculate from that

Bm)\n (O[) =

. 2
e n MbaHa, ) el
n mn n

2
HenH 4 En(a) + Op{ﬁn(a)} +

if v € A7,
Ab2Hy (o) — 20%dy ()

n

ifae A, \ A

(80)
where the o, is taken uniformly in o € A, \ AY,. Under identity and
62 —p 02, it was proved in (Shao, 1997, eq.(6.1)) that |62 — o2|d,(a) =
op{nLy(a)} uniformly in o € A, \ AS,. Thus, the second part of identity
may be rewritten as

Jeal” o Dbl o) — 20}

By, (a) = n

+ Ln(@) + 0p{Ln(a)} (81)
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if « € Ay, \ AS. From and (1)), for all a € A, \ AS,

. 20%d, () ”enHHQJ’"(a“)
B, (@) = B, (o) =Lp(a) + op{Ln(a)} — o + " —

+ )\n&%(Hd”(a) B Hd't(g;))
n

Thus, to prove it suffices to prove that

) i

P min L () + op{Lp(c
{ a)<d7l(dclcz)( ( ) p{ ( )}

O‘EA"L\Asnp( n n

> 0} — 1,
or the following stronger result
]P’{ N {nﬁn(a){l +0,(1)} > 20%d,, () + Anc}gdn(a;)}}
OéE‘A'ﬂ\Afmp(a)gdn(dcwz)

1. (82)

In fact, from identity d,(Gcic,) = dn(ag) + Op(1) proved in step 1),
202d, () is negligible compared with \,62d,(a’). And thus is fur-
ther implied by conditions , , and 62 —p a2

To prove P{&,, = of, &, € A%} — 1, it suffices to show that given
any € > 0, P(d, (&) > dn(af) , by € AS) < e for all sufficiently large n.

From step 1) there exists a positive integer k; such that
. €
P{dy(én) — dn(as) > k1} < 3" (83)

It remains to prove that P{0 < dy, (&) — dn(af) < k1 , Gy € AS) < /2
for all sufficiently large n. From ,

P i B, < Bpa, (o,
{aeAz,70<an(r<§l)Ildn(a:;,)<k1 () Al )}

< IP’{ U {Anﬁ(ﬂdn(a) — Ha, (a3)) < llenllp, ()£, (a5) }}
a€Ag ,0<d, () —dn(as)<k:

no

A 62 9
<Pl —2 < n oy 84
< {dnmm TR . ”mmw} (84)
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Conditions , (with mg replaced by ms), and Markov’s inequality

imply

HenH?D (@) =P, (ac)
- nAn =0,(1). 85
ne s 020 885 0 (s b (dnla) — dnfag ez~ v (89)

Combining and , the value in is less than ¢/2 for all suffi-
ciently large n. It then follows that P{0 < d,, (&) — dn(af) < k1) < £/2

for all sufficiently large n.

Asymptotic loss and risk efficiency under A5, = ()

Given Proposition [2] and the assumptions of Theorem [2, GIC; is
asymptotically risk efficient. Furthermore, the regularity of R, (-) implies
that (see |[Durrett, 2010, Theorem 2.3.2)

dn (&GICZ )
dp ()

max
ac AL

- 1‘ 0. (86)
From (B1)), for all @ € A, \ A% = A,

Bn,)\n (04) - Bn,)\n (@Glcz)
6’2
= La(a){1+0p(1)} = Ln(daica) {1+ 0p(1)} + —F (@), (87)

where Jo () 2 M{Ha, (0) = Ha, (60)} — 2{dn(@) = du(Gicrc,) }. Next, we
prove that

P{ min In(a) > 0} — 1. (88)
QEANAS o () <dn (G

In fact, it can be verified that the function

dn(&mcz)
A 1 .
g9(d) = = Z — = 2{d — dn(Gcic,)} (89)
jmdg1 Y
for a given d,(Ggio,) achieves its minimum over d = 1,...,d,(qqrc,) at

either d = 1 or d = d,,(Qaic,) — 1. Using conditions , , and the
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inequality H; < logj + 1 (V5 € N), we can easily calculate that

9(1) > — A\, log dn(aGlcz) + Q{dn(dmcg) - 1}

alty —
= 2d,,(Gicic,) {1+ 0p(1)} %{1 +o,(1)} = 5| >0, (90)
9(dn(bcic,) — 1) = —dn(g’;m y 2>0, (91)

with probability approaching one as n — co. We thus proved from
and .

From the definition of of &y, By, (Gn) — B, (Gare,) < 0. It then

follows from and that
Bl L@ {1+ 0,0} ~ Lafdoc (1 + 0,0} S0} 51 ()
Dividing both sides of by L,(é&qc,), we obtain that for any fixed

e >0,

Pl care) o, (93)

Combining with L, (Gae,)/Ln(ak) —, 1, we obtain for any fixed
€ > 0 that

Ln(bn) }
P <l4ep;—1. 94
oy o
On the other hand, by the definition of o, £, (&) > Ln(ak). Thus,
we have proved the asymptotic loss efficiency of &,,. The asymptotic risk

efficiency directly follows from .

H. Proof of Proposition 3]

In the parametric scenario, the consistency of BC and GIC), indicates
that P1, —, 1. In the nonparametric scenario, we obtain from the regu-

larity of R, (+), the definition of af, and the efficiency of égc,, dnc that

n?
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dn(Gac, ) /dn(af), dy (Gse) /dn(adl) =, 1, which further implies

dp(Gpe) /dn(Gario,) —p 1.

We shall also prove that

dn(Gaic,, ) }
P —————22 <cgp — 1 95
{ dn (e, ) ? (95)
as n — oo. Then, with probability tending to one, we have
pL, < |dn(Gnc) — dn(Garc,)|  — |dn(ds0)/dn(dcic,) — 1] 0

~ Jdn(Gaicy,) = dnlGac,)]  |dn(Gaicy,)/dn(Gec,) — 1))
which concludes the proof.

To prove (95), we rewrite Gy, 5, (@) (for o € Ay) in as

enll? — No2d,(«
_l ;‘” La(0) + 0p{La(a)} + Pr =27 dnl0)

n
An 52 — 2dn
1 20lh = n(@)

Gn, ()

(96)
By the assumption 62 —p 0% and the first inequality in , we have
A (62 — 0%)dy(a)/n = 0p(Ry(a)) uniformly in « € A,,. From , we
may rewrite as

llenll” n|| + {1+ 0p(1)}Rn(@) + (An — 2)02dn () /1

=CH+ {1+ 0,(1)}R ()

Gn,)\n (a)

where C' = ||e,||?/n does not depend on . By the definition of Garcy, » O,

it follows that
R;kl (dGIC/\n )
Ri(az)
and further from the regularity of R (-), dn(dcic,, )/dn(c},) —p 1. There-

—p 1,

fore, we obtain

dn(dGICAn> _ dn(@GICM) dn(a},) dn(aﬁ)
dn(dGlcz) d ( ) dn(aﬁ) dn(&GI%

with probability tending to one as n — oo.
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l. Another definition of PI

Another definition of PI was given by [Liu and Yang (2011). It is defined
by

P = min SnEOé) + dn(Oj)&% logn — n&%

a€M(Gm) Sp(Gn) + dp(G,)02 logn — no2
if dy(é&y) > 1, and pii?) = n otherwise, where &, is selected by some
consistent procedure (in the sense that it is consistent in the parametric
scenario), and A(«) is the set of sub-models of « with dimension d,,(«) —
1. Tt is assumed in (Liu and Yang, 2011) that A(«) is nonempty for
any « with dimension greater than one. In our simulation, we relax the
definition to be the set of sub-models whose dimension is the closest (but
not equal) to d,(«).

The intuition is that a data-generating model should be very different
(in terms of goodness of fit) from any sub-model, while for a mis-specified
model class, the selected model varies slightly when few variables are
dropped. Liu and Yang (2011]) showed that Plg) converges in probability
to oo and 1 in parametric and nonparametric scenarios, respectively. Our
PI,, is defined based on fundamentally different motivations, and validated
under different assumptions. In Section [B] we shall show that both p1,

2 . . .
and PISL) work as expected in various experiments.
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J. Proof of Theorem 3

We consider the (typical) case where épc is not equal to a,, = {1,...,d,}.
Similar proof can be applied to the case where &z = @&, and A, is
expanded during the simulated validation. For notational convenience,
“stage 1”7 refers to the estimation and selection procedure on the original
data (i.e. with mean function f,,), and “stage 2” refers to the counterpart
during simulated validation (i.e. with mean function f,).

We first prove for the parametric scenario. By Theorem 2| P(Gpc =
af) — 1. We only need to verify that with dpc = af, the conditions in
Case 1 of Theorem [2]still hold at stage 2 with probability going to one. It
is easy to verify that conditions , —, and the estimated variance
62 —p o2 hold at stage 2. Also, condition @ would be implied by the
combination of and . Thus, it remains to prove that and
hold with probability going to one at stage 2.

Let R, (-) denote the risk function at stage 2. Recall from that
R() and R, (a) may be written as

nR(a) = nA,(a) + o%d,(a),

nR(a) = nlA,(a) + o?dy(a).
By a similar argument used to derive ,
10 = Fall® = 1 Pa(af)&nll® = Op(dn(as,))-

The difference between A, (a) and A, (a) can be uniformly bounded by

Y nA(a) - m

max

b |Pa(@) ™ Full = | Pac) ™t £l

= Imax
acA,

< max || Py (o) (£ — fo)ll

acA,

<Nf—ful
— 0,(Vdn(a)). (97)
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Therefore, we have

S, [R(e) —Rie)| = max, InA, (@) — nAn(a)|
o (v ) @)
<0 < ) +2v/nA(a) >
< ) +2y/R(a) )

= op(1)R( (98)

< Op(Vdn(as,))

<0

with probability going to one as n — oo, where is due to condition
@ at stage 1. It follows from that conditions and hold
with probability going to one at stage 2.

We then prove for the nonparametric scenario. Suppose that dpce is
nested under a larger model o/ with dimension dy,(Ggc) + 1. Let daio, s
denote the model selected by AIC in stage 2. We rewrite P(Gpe,s = Gne)

as
P(dpe,s = Gno) = p1 +p2 + ps, (99)
p1 = P(Qaic,,s > Gpe, Gpeys = dre),
b2 = P(@Glcz,s = Qpc, OA‘BC,S = @Bc),
p3 = P(dGICQ,S < Gpe, Qpe,s = dBC)'
By the rule of BC in , p3 = 0. Next we bound p; and ps.

The eVent @GICZ’S > ch, OA[BC78 — aBC lmphes that BC faVOI“S dBC over

o/, namely

~ )\n02

~ B , A0y
Sn(OéBc) Sn(a ) < dn(aBC) T 1

by the definition in . Here, S(a) 2 G0 — Fns(@)]?, and f,, s is the

least square estimates of f,,. As a result,

p1 < P<dclcg,s > Qe E1>



(100)
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where E; denotes the event
S An 62

S’n(dBC,S) — Sn(a,)
2 S 02{dn(Gme) + 13

g

The left hand term in (100) may be rewritten as

N 2
C = 07 %|esllp, ()P, (ane)>

(101)

which follows chi square distribution with one degree of freedom (x?)
since eg is Gaussian in the simulated validation. The second hand term

in (100) is
&2 An dn(a,}f)
(

02 dp(a) dp(Gpe) + 1
which, by applying 62 —, 02, condition and dy, (Gpe)/dn(aff) —, 1
(102)

is asymptotically less than 2. Therefore, we have

p1 < ]P(dGICQ,S > dpe, C < 3)

Likewise, the event dqic, s = Gpe, Gpe,s = Gpe implies that
S’n(dBC) — Sp(a) < 26§

2A2
%5 < 3) (103)

o2

by the definition in . This implies that

p2 < ]P)(@Glcz,s = dBc) < ]P)(aGlcz,s = Qpc, C <

with probability close to one for large n. Combining , (102)) and ((103]),

we obtain P(Apcs = dpc) < P(C < 3) where C is a x3 random variable.

This concludes the proof.
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K. Theoretical analysis of BC-VO

We introduce some helpful notation for the theoretical results. Let X7, Xo

denote the design matrices corresponding to the two disjoint datasets

D1, Do, respectively. Let X1(af), X1(—af) denote the submatrices of X

consisting of columns in af, {1,...,dn} — af, respectively. Let X;(k)

denote the kth column of Xi. For a matrix M € R"*V Let | M| =

maxi<j<y Zlgjgv |M;;|. We standardize the data in D;, such that
e PO S 1

Similar standardization is applied to Die.

K.1. ARM weighting scheme
As a default option in 'bc’ package, we use the following ARM weighting

procedure.

e Randomly split Dy into a training set Dy, and a testing set Die;

e For each model a € ./Zln, we use the least squares method on Dy, to
obtain an estimated coefficients Ba (and the corresponding regres-

sion function f,(-)) and noise variance 62;

e For each model o € A,,, compute the (unnormalized) weight

Wy = e e H N(yi;fa(wi),c}Q), where (104)
1E€Dye
dy,
Co = dy(a)log(1 + 7 (a)) + 2log(dn(a) +2)

and N(y; 1, 0?) denotes the density of Gaussian distribution with

mean p and variance o2 evaluated at .

Note that Dyp is used for parameter estimation by each model and Dy,

is used to assess the prediction performance and then the weights are
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assigned accordingly. Compared with the original ARM by Yang (2001)),
the model-specific variance 62 in is replaced with 62 that can be
estimated using all the variables in A,. This is mainly for technical
convenience, and has little effect on empirical performance from our ex-

perimental studies.

K.2. Accuracy of variable ordering
Proposition [5| below implies that the first s variables in variable ordering

exactly match all the significant variables. It further implies that af €

Ay

PROPOSITION 5. For the wvariable importance uy’s produced by step

(d), a¢ € A, implies that

Igrelgl ug > Elgézx Uj
with probability going to one asn — oo, given that the following conditions
hold.

1. In step (b), the number of subsets from each penalized method is
restricted to be no more than co/3, and max  ; d(a) < co for some
constant cy > 3s that does not depend on n.

2. In step (c), D1pND14 = 0, and card(Dye)/ card(Dy,) — 0, card(Dy.) —
o0 as n — oo in the ARM weighting scheme.

3. There exists a constant 8., such that | X8| > 68| for every

B € RP with at most ¢y nonzeros.

Condition 1 is only for technical convenience. For LASSO, it has
been proved under some conditions that the solution paths are piecewise
linear and nested (Efron et al., 2004; Rosset and Zhu, 2007; [Tibshirani
et al., 2013)). It is easy to control the number of selected variables (and

thus the number of candidates) through the regularization parameter.
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For SCAD and MCP, it seems not clear whether the produced solution
paths are nested up to the authors’ knowledge. In practice, we found
through numerical experiments that the above lemma generally holds
with ¢g = 3,/n14 for a broad class of Gaussian ensembles. And this is the
default parameter in ‘bc’ package. Condition 2 is specific to the weight-
ing scheme. The intuition is that training size needs to be sufficiently
large so that the weight of the smallest correct model af, is not negligible
compared with larger models that nest it. Condition 3 is to guarantee
that the least squares method is applicable and the model o has a non-
negligible weight. This condition can be implied by, e.g., the existence of
co-restricted isometry property (Candes and Tao, 2005).

Proof of Proposition
For brevity, let ny, = card(Dy, ), nte = card(Dye). For any o € flnﬂAfL,
Condition 3 implies that a® C «. Therefore, by definition of ug’s in step

(d) it remains to prove

max < =, 0, max < <e, (105)
acA,\Ag Was acA,NA;, Was

for some fixed constant ¢ with probability going to one, as n — co. The

We, in ((104) may be rewritten as
1 )
Wq X Co exp{_wHXte(/Ba - B*) - e||2}

where e is the i.i.d. noise vector of size ni., and 8, is the least squares
estimate from D,.

Thus, to prove 1’ it is sufficient to prove that for any a € A,, — A¢
A A A
B = || Xie(Bar — B:) — €] = || Xie(Ba — B.) — e (106)

goes to —oo in probability, and for any « € A, N A¢, B converges to zero

in probability, as n — oo. We rewrite (106)) as By + B2 + + B3 where

Bl - HXte(BgC - B*)Hza B2 = HXte(Boc - 16*)”2’ BS = 2eTXte(BgC - Boc)-
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It follows from Condition 2 and By = (nte/ntr)Hn;el/QXte 6Oé||2 where
Sa 2 Vin(Ba—Bs) = 0,(1) that By = 0,(1). For a € A,—AS, Condition
3 implies that By = Op(nte) and By = Op(ntle/2). Thus B —, —oo as
n — oo. For a € A, N.AS, it can be similarly proved that By = 0,(1) and

Bs = 0p(1), and thus B —, 0 as n — oo.

K.3. Oracle property of BC-VO

The following Theorem [4] establish the oracle property of BC in sparse
subset selection. Note that we assume fixed design matrix for techni-
cal convenience. Extensions to the case of random design matrices are

possible, but we will not elaborate in the rest of the paper.

THEOREM 4. The above step (f) produces an estimate that satisfies
the oracle property and R-consistency, assuming that the conditions of
Proposition [3 hold and the following conditions hold.

1. There exists some fized constant ¢y € (0,1] such that

1
HX1a(—ac)TX1a(ac){Xla(ac)TXla(ac)} <1l-c.

o0

2. There exists some fixed constant co > 0 such that
1
eigmin <nX1a(aC)TX1a(ac)) > Co.

3. There exists a constant §,, such that || X28| > 5;:0Hﬁ|\2 for every
B € RP with at most cy nonzeros.
4. Ap — 00.

5. E(e}) < oo.

Conditions 1 and 2 are typical assumptions for high dimensional re-
gression, and they were also considered in e.g. Fuchs (2005)); Wainwright

(2009)). Condition 3 here is similar to Condition 3 of Proposition [5, and
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they are usually guaranteed with high probability for randomly generated
design matrices (Candes and Tao, 2005). Its use here is to distinguish the
“parametric” from the “nonparametric” models. Condition 4 is a mild
requirement of choosing A,. No upper bound of A, is required because
we are only interested in selection consistency here. Condition 5 is a mild

regularity assumption on noises.

Proof of Theorem [4}

Given Conditions 1 and 2, and (. being fixed, it follows from (Wain-
wright, 2009, Theorem 1) that ¢ can be selected by LASSO with prob-
ability going to one for some regularization parameter. Given ¢/3 > s,
this further implies that P(aS € A,) — 1 as n — co. Therefore, by using

Proposition [§] we obtain
Pla® € A,) — 1 (107)

as n — oo in step (e). It remains to show that the conditions of Case 1
in Theorem [2| hold when applying step (f).

Because A,, is nested and finite, implies that 62 —, o2 and
condition . Condition 3 implies @ and , and Condition 4 implies
. Moreover, and are trivially satisfied with m; = 1. By
applying Theorem [2| we obtain the consistency in selecting a°.

In step (f), with a® being correctly selected, one could estimate S,
at oracle rates by restricting to a®. To prove R-consistency, we observe
from that any model a with R,,(a) < R,,(af) = 0?s/n must satisfy
dy(a) < s. By Condition 3 of Theorem [f]and ¢y > 3s, we have A, () > &

for some fixed constant & > 0. This is impossible as n — oc.
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