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Abstract

A central issue of many statistical learning problems is to select an appropriate model from a set of candidate
models. Large models tend to inflate the variance (e.g. overfitting) while small models tend to cause biases (e.g.
underfitting) for a given fixed dataset. In this work, we address the critical challenge of model selection in order
to strike a balance between model fitting and model complexity, and thus to gain reliable predictive power. We
consider the task of approaching the theoretical limit of statistical learning, meaning that the selected model has the
predictive performance that is as good as the best possible model given a class of potentially mis-specified candidate
models. We propose a generalized notion of Takeuchi’s information criterion, and prove that the proposed method can
asymptotically achieve the optimal out-sample prediction loss under reasonable assumptions. To our best knowledge,
this is the first proof of the asymptotic property of Takeuchi’s information criterion. Our proof applies for a wide
variety of nonlinear models, loss functions, and high dimensionality (in the sense that the models’ complexity can
grow with sample size). The proposed method can be used as a computationally efficient surrogate for leave-one-out
cross-validation. Moreover, for modeling streaming data, we propose an online algorithm that sequentially expands
the model complexity in order to enhance selection stability and reduce computation cost. Experimental studies show
that the proposed method has desirable predictive power and less computational cost compared to some popular
methods. We also released a python package for applying the method to logistic regression and neural networks.

Index Terms

Cross validation; Expert learning; Feature selection; Limit of learning; Model expansion.

I. INTRODUCTION

How much knowledge can we learn from a given set of data? Statistical modeling provides a simplification of
real world complexity. It can be used to learn the key representations from available data and to predict the future
data. In order to model the data, typically the first step in data analysts is to narrow the scope by specifying a set
of candidate parametric models (referred to as model class). The model class can be determined by exploratory
studies or scientific reasoning. For data with specific types and sizes, each postulated model may have its own
advantages. In the second step, data analysts estimate the parameters and fitting performance of each candidate
model. An illustration of a typical learning procedure is plotted in Fig. 1, where the true data generating model may
or may not be included in the model class. Simply selecting the model with the best fitting performance usually
leads to suboptimal results. For example, the largest model always fits the best in a nested model class. But an
overly large model can lead to inflated variance in parameter estimation and thus overfitting. Therefore, the third
step is to apply a suitable model selection procedure, which will be elaborated in the next section.

Example 1 (Generalized linear models): In a generalized linear model (GLM), each response variable y is as-
sumed to be generated from a particular distribution (e.g. Gaussian, Binomial, Poisson, Gamma), with its mean p
linked with potential covariates x1, xo, . . . through E,(y) = u = g(8121+ P22+ --) where g(+) is a link function.
In this example, data z = [y, z1, 2, ...]", unknown parameters are 6 = [(1, B2, ...]", and models are subsets of
{B1,P2,...}. We may be interested in the most appropriate distribution family as well as the most significant
variables x;’s (relationships).

Example 2 (Neural networks): In establishing a neural network (NN) model, we need to choose the number of
neurons and hidden layers, activation function, and the configuration of their connectivity. In this example, data are
similar to that of the above example, and unknown parameters are the weights on connected edges. Clearly, with
larger number of neurons and connections, more complex functional relationships can be modeled. But selecting
models with too large of dimensions may result in overfitting and more computational complexity.
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Fig. 1: Illustration of a typical learning procedure, where each candidate model «; is trained in terms of 6., [a;] in
its parameter space Hy[c;], and then used to evaluate future data under some loss function £(-).

How can we quantify the theoretical limits of learning procedures? We first introduce the following definition
that quantifies the predictive power of each candidate model.

Definition 1 (Out-sample prediction loss): The loss function for each sample size n and « € A, (model class)
is a map l,(-,;a) : 2 X Hypla] — R, usually written as [,,(z,0; «), where Z is the data domain, H,[«] is the
parameter space associated with model «, and « is included to emphasize the model under consideration. As Fig. 1
shows, for a loss function and a given dataset z1, ..., 2z, which are independent and identically distributed (i.i.d.),
each candidate model « produces an estimator én [a] (referred to as the minimum loss estimator) defined by

. 1 &
0, [a] 2 argmin—Zln(zi,B;a). €))
0cH,[o] T i—1
Moreover, given by candidate model «, denoted by L, («), the out-sample prediction loss, also referred to as
the generalization error in machine learning, is defined by

Lo(q) £ Bl (-, 6,]0]; @)
:/Zp(z)ln(z,én[a];a)dz. (2)

Here, E, denotes the expectation with respect to the distribution of a future unseen random variable z (conditional
on the observed data). We also define the risk by

R [Oé] = E*,oﬁn [Oé],

where the expectation in R, [«] is taken with respect to the observed data.

Typically z consists of response y and covariates @, and only the entries of & associated with « are involved in
the evaluation of /,,. Throughout the paper, we consider loss functions I, (-) such that £,[a] is always nonnegative.
A common choice is to use negative log-likelihood of model a: minus that of the true data generating model. Table I
lists some other loss functions widely used in machine learning. Based on Definition 1, a natural way to define the
limit of statistical learning is by using the optimal prediction loss.

TABLE I: Some common loss functions in addition to negative log-likelihood

Name quadratic exponential hinge perceptron logistic
Formula | (y — 6" x)? e v max{0,1 —y0Tx} max{0,—y0" x} log(l+ e’yeT“’)
Domain yeR yeR yeR yeR y € {0, 1}

Definition 2 (Limit of learning (LoL)): For a given data (of size n) and model class A, the limit of learning
(LoL) is defined as minyea, £, (), the optimal out-sample prediction loss offered by candidate models.



We note that the LoL is associated with three key elements: data, loss function, and model class. Motivated by
the original derivation of Akaike information criterion (AIC) [1], [2] and Takeuchi’s information criterion (TIC) [3],
we propose a penalized selection procedure and prove that it can approach the LoL under reasonable assumptions.
Those assumptions allow a wide variety of loss functions, model classes (i.e. nested, non-overlapping or partially-
overlapping), and high dimensions (i.e. the models’ complexity can grow with sample size). It is worth noting that
asymptotic analysis for a fixed number of candidate models with fixed dimensions are generally straightforward.
Under some classical regularity conditions (e.g. [4, Theorem 19.28]), likelihood based principle usually selects
the model that attains the smallest Kullback-Leibler divergence from the data generating model. However, our
high dimensional setting considers models whose dimensions and parameter spaces may depend on sample size,
and thus we cannot directly use those technical tools that have been used in classical asymptotic analysis for
mis-specified modes. We will develop some new technical tools in our proof. Our theoretical results extend the
classical statistical theory on AIC for linear (fixed-design) regression models to a broader range of generalized
linear or nonlinear models. Moreover, we also review the conceptual and technical connections between cross
validation and information theoretical criteria. In particular, we show that the proposed procedure can be much
more computationally efficient than cross validation (with the same level of predictive power).

Why is it necessary to consider a high dimensional model class, in the sense that the number of candidate models
or each model’s complexity is allowed to grow with sample size? In the context of regression analysis, technical
discussions that address the question have been elaborated in [5], [6]. Here, we give an intuitive explanation for a
general setting. We let 7 [a] denote the minimum loss parameter defined by

0;[a] = argmin E,l, (-, 0; a). 3)
0, o]

Using Taylor expansion under some regularity conditions, £, [a] may be expressed as
* 1 A * T * A *
Lnla] =F.ly(z,0;)[a];a) + 5(9n[a] — On[oz]) V(0] [a]; ) (On[a] — 0n[a}) x {1+o0p(1)} ()]

where V,,(0; «) 2 E,V3l,(-,6; ), and 0,(1) is a sequence of random variables that converges to zero in probability.
The main idea of (4) is to expand £, [a] at a projection point 6 [«] under some uniform convergence condition in
its vicinity. Theoretical justifications of (4) or its variants for a model whose dimension depends on n have been
studied in several earlier work, e.g. in [7]-[9]. The out-sample prediction loss consists of two additive terms: the
first being the bias term, and the second being the variance term. Large models tend to reduce the bias but inflate
the variance (overfitting), while small models tend to reduce the variance but increase the bias (underfitting) for a
given fixed dataset. Suppose that “all models are wrong”, meaning that the data generating model is not included
in the model class. Usually, the bias is non-vanishing (with n) for a fixed model complexity (say d), and it is
approximately a decreasing function of d; while on the other hand, the variance vanishes at rate n~' for a fixed
d, and it is an increasing function of d. Suppose for example that the bias and variance terms are approximately
c17~¢ and cad/n, respectively, for some positive constants cy, c2,7. Then the optimal d is at the order of log(n).

In view of the above arguments, as more data become available, the model complexity need to be enlarged in
order to strike a balance between bias and variance (or approach the LoL). To illustrate, we generated n = 100, 200
data from a logistic regression model, where coefficients are 3; = 10/i and covariates x;’s are independent standard
Gaussian (for i = 1,...,100). We consider the nested model class A,, = {{1},{1,2},...,{1,2,...,50}}, and the
loss function is chosen to be the negative log-likelihood. We summarize the results in Fig. 2. As model complexity
increases, the model fitting as measured by in-sample loss improves (Fig. 2a), while the predictive power as measured
by the out-sample prediction loss first improves and then deteriorates after some “optimal dimension” (Fig. 2b).
Moreover, the optimal dimension becomes larger as sample size increases. It means that better fitting does not
mean better predictive power, and large sample sizes requires the search over a larger model class.

As data sequentially arrives, the selected model from our proposed method (and many other existing method such
as cross validation) suffer from fluctuations (due to randomness). A conceptually appealing and computationally
efficient way is to move from small model to larger models sequentially. Motivated by this, based on the proposed
method, we further propose a sequential model expansion strategy that aims to facilitate interpretability of learning.

The outline of the paper is given as follows. In Section III, we propose a computationally efficient method
that determines the most appropriate learning model as more data become available. We prove that the LoL can
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Fig. 2: Experiment showing the “bigger models for bigger data” phenomena that is almost ubiquitous in statistical
prediction and machine learning tasks.

be asymptotically approached under some regularity assumptions. In Section IV, we propose a model expansion
techniques building upon a new online learning algorithm which we refer to as “graph-based” learning. The online
learning algorithm may be interested on its own as it exploits graphical structure when updating the expert systems
and computing the regrets. In Section V, we demonstrate the applications of the proposed methodology to generalized
linear models and neural networks, in order to select the variables/neurons with optimal predictive power and low
computational cost.

II. RELATED WORK

A wide variety of model selection techniques have been proposed in the past fifty years, motivated by different
viewpoints and justified under various circumstances. We refer to [10]-[14] for more surveys. In this section, we
briefly review the some closely related work in information criterion and cross validation, and a derivation of TIC
which was

A. Information Criteria

Examples of penalized selection include final prediction error criterion [15], AIC [1], [2], TIC [3], BIC [16] and its
Bayesian counterpart Bayes factor [17], minimum description length criterion [18], Hannan and Quinn criterion [19],
predictive minimum description length criterion [20], [21], C}, method [22], generalized information criterion
(GIC,,) with A\, — oo [5], [23], [24], generalized cross-validation method (GCV) [25], the Goldenshluger-Lepski
method [26]-[28], and the bridge criterion (BC) [29]. Recently, a regularization approach named as information
criterion estimation (ICE) [30] is proposed that extends TIC to handle non-MLE estimates in over-parameterized
models. An extension of AIC and Mallows’ €}, method is the ‘slope heuristics’ approach proposed in [31], [32]
for Gaussian model selection and later developed to more general settings [33]-[35]. The main idea of slope



heuristics is to recognize the existence of a minimal penalty such that the out-sample prediction loss of the selected
model with lighter penalties explode, and to show that a penalty equal to twice the minimal penalty often enables
model selection that meets the inequality: £, [Gy,] < ¢, minge 4, L£n[c] + 7, also called oracle inequality, for ¢,
close to 1 and 7, negligible with respect to the value of min,ec 4, £,[]. In theory, the asymptotic efficiency is a
limiting requirement of the oracle inequality with ¢, = 1 + 0,(1) and 7, = 0,(1) X minge 4, Ln[a] as n — oco.
There have been fruitful results in non-asymptotic quantifications of ¢, and 7, using concentration inequalities
(see e.g. [34]-[39]). Non-asymptotic analysis is often based on concentration inequalities or Stein’s method [11],
[40]. In this work, we are not looking for oracle inequalities with non-asymptotic analysis. On the other hand, the
recent development of slope heuristics has motivated data-driven construction of penalty terms instead of using
pre-determined penalty functions. An example in this direction is the dimension jump method [32], [41] which,
for a given penalty shape, identifies the suitable multiplicative constant by searching for a significant jump of the
selected dimension against different constants.

B. Cross-validation (CV)

The basic idea of cross-validation [42], [43] is to split the data into two parts, one for training and one for
testing. The model with the best testing performance is selected, in the hope that it will perform well for future
data as well. It is a common practice to apply 10-fold CV, 5-fold CV, 2-fold CV, or 30%-for-testing. In general,
the advantages of CV method are its stability and easy implementation. However, is cross-validation really the best
choice?

In fact, it has been shown that only the delete-d CV method with lim,, o, d/n = 1 [44]-[47], or the delete-1
CV method (or leave-one-out, LOO) [48] can exhibit asymptotic optimality. Specifically, the former CV exhibits
the same asymptotic behavior as BIC, which is typically consistent in a well-specified model class (i.e. it contains
the true data generating model), but is suboptimal in a mis-specified model class. The latter CV is shown to be
asymptotically equivalent to AIC/TIC and GCV if d,[a] = o(n) [5], [48], which is asymptotically efficient in
a mis-specified model class, but usually overfits in a well-specified model class. An appropriate choice of the
splitting ratio often depends on specific learning tasks, such as the prediction of unobserved data, selection of
model, selection of other criteria [49], goodness-of-fit test [S0]. We refer to [5], [13], [14], [29], [51] for more
detailed discussions on the discrepancy and reconciliation of different CVs.

In particular, for the prediction purpose, common folklore that advocates the use of k-fold or 30%-for-testing
CV are asymptotically suboptimal (in the sense of Definition 3), even in linear regression models [5]. Since the
only optimal CV is LOO-type in mis-specified settings, it is more appealing to apply AIC or TIC that gives the
same asymptotic performance and significantly reduces the computational complexity by n times. For general mis-
specified nonlinear model class, we shall prove that GTIC procedure asymptotically approaches the LoL. While
the asymptotic performance of LOO is not clear in that case, it is typically more complex to implement. To
demonstrate that, we shall provide some experimental studies in the Appendix. As a result, the GTIC procedure
can be a promising competitor of various types of standard CVs adopted in practice.

C. Background of TIC

TIC [3] was heuristically derived as an alternative of AIC, also from an information-theoretic view rooted in
Kullback-Leibler (KL) divergence. In the seminar work of [48], TIC is shown to be asymptotically equivalent to
cross-validation when the purpose is to minimize the KL divergence, and AIC is a special case of TIC when the
models under consideration are well-specified. It does not appear to be widely appreciated nor used [52] compared
with other information criteria such as AIC or Bayesian information criterion (BIC) [16]. In terms of provable
asymptotic performance, only AIC is known to be asymptotically efficient for variable selection in regression
models [53] and autoregressive order selection in time series models [54], [55] when models are mis-specified.
Conceptually, TIC was proposed as a surrogate for AIC in general mis-specified settings, but the optimality of AIC
and TIC in the general context remains unknown. As the original paper of TIC [3] was not written in English, we
review it for the completeness of the paper. Similar derivations can be found in, e.g. [30].

Suppose that our goal is to select the model « that minimizes logarithmic loss E.{—logpy_ o] (Y)} (or equiv-
alently, minimizes the KL divergence from the true data-generating distribution), where 6, [a] is the MLE under
model «. For notational convenience, we drop the model index o and focus on one model. The motivation of



TIC was to approximate E.{—logpg (2)} by n™' 311 {—logp, (i)} + An, where the first term is computable
from data and the second term is to be asymptotically approximated.' Under some regularity conditions, the classical
sandwich formula of MLE [56, Theorem 3.2] gives \/n(8,, —0*) —4 N(0, V~1JV 1) for some * in the parameter
space, with

V= —E*{;;logpe(Y)}v J = E{ ((%logpo*(Y)> ((;bgpo*(Y))T}-

Applying Taylor expansion at 8 = 0%, we have
E{—logpy (2)} = E{—logpe-(2)} + 3 (9 ~6")"V (0, - 6%)

_ = — = A T — 8logpg Zl 1 A *\T N *
n 1;{—logpén<zi>}wn 1;{—1ogpe*<zi>} (6, — 6 12 + 5 (0 — ")V (6, — 0)

and thus
_ 0log pg-(z;)
An = E{—logp, (2)} —n 12{—logp9 (z))} = (8, —0")™n 12 gpe 5)
=1

for large n. Using

_ 8logp9 (25) _ 6logpg (2:) alogpg z;) 02 log pe- (i) A

1 _ 1 ~

Z Z - Z Z sor (0= 0n)

and the asymptotic normality of \/n(6, — 0*), we may further approximate A, by (8, — 6*)"V(6,, — 6*) ~
nE("VE) = nlr(V=LT), where ¢ ~ N(0,V-1JV~1). For a well-specified model, we have V = J and
An = n~'d with d denoting the model dimension, and thus TIC becomes AIC.

Why should TIC be preferred over AIC in nonlinear models in general? Intuitively speaking, TIC has the potential
of exploiting the nonlinearity while AIC does not. Recall our Example 2 in the introduction, with loss being the
negative log-likelihood. It is well known from machine learning practice that neural network structures play a key
role in effective prediction. However, information criteria such as AIC impose the same amount of penalty as long
as the number of neurons remains the same, regardless of how neurons are configured.

In this paper, we extend the scope of allowable loss functions, and theoretically justify the use of GTIC (and
thus TIC). Under some regularity conditions (elaborated in the Appendix), we shall prove that the &,, selected by
the GTIC procedure is asymptotically efficient (in the sense of Definition 3). This is formally stated as a theorem
in Subsection III-C. Our theoretical results extend some existing statistical theories on AIC for linear models. We
note that the technical analysis of high dimensional (non) linear model classes is highly nontrivial. We will develop
some new technical tools in the Appendix, which may be interesting on their own rights.

III. LIMIT OF LEARNING

A. Notation

Let A,, o, dy|a], Hyla] C Ra-[2] denote respectively a set of finitely many candidate models (also called the
model class), a candidate parametric model, its dimension, its associated parameter space. Let d,, 2 maXgeeA, dn|a]
denote the dimension of the largest candidate model. We shall frequently use subscript n to emphasize the
dependency on the sample size n, and include an « in the arguments of many variables or functions in or-
der to emphasize their dependency on the model (and parameter space) under consideration. For a measurable
function f(-), we define E, f(-) = n=t Y1 | f(2;). For example, E,ln(-,0;0) = n= 131 Ly (2i,0; ). We let
Yn(z,0; ) = Voln(2,0;a),and Voo, (2,0; a) = V21, (z,0; a), which are respectively measurable vector-valued
and matrix-valued functions of 8. We define the matrices

Va(6; ) £ E.Votu(-,6;a)
Jn(0;0) 2 E{apn(-,0;0) X (-, 0;0)7}



=

Recall the definition of £,[a]. Its sample analog (also referred to as the in-sample loss) is defined by L,[a] 2

Enly (-, 0n[a); ). Similarly, we define
V,(0;0) £ E, Voo (-, 6; )
A A T
Jn(0§ a) = En{¢n(> 0; a) X ¢n(a 0; a) }

Throughout the paper, the vectors are arranged in column and marked in bold. Let ||-|| denote Euclidean norm of
a vector or spectral norm of matrix. Let int(S) denote the interior of a set S. For any vector ¢ € R? (d € N) and

A o, . . .
scalar 7 > 0, let B(c,r) = {x € R?: ||z —c|| < r}. For a positive semidefinite matrix V' and a vector x of the same
dimension, we shall abbreviate "V as ||ac|]%/ For a given probability measure P, and a measurable function m,

let ||m]| p, 2 (E.,m?)'/2 denote the Lo(P,)-norm. Unless otherwise stated, E, denotes the expectation with respect
the true data generating process. Let eig, ., (V') (resp. eig ... (V') denote the smallest (resp. maximal) eigenvalue
of a symmetric matrix V. For a sequence of scalar random variables f,, we write f, = o0,(1) if lim,, o0 fr =0
in probability, and f,, = Op(1), if it is stochastically bounded. For a fixed measurable vector-valued function f,
we define

an é \/E(En - E*)f7

the empirical process evaluated at f. For a,b € R, we write a < b if a < ¢b for a universal constant c. For a vector
a or a vector-valued function f, we let a; or f; denote the ith component.

We use — and —, to respectively denote the deterministic and in probability convergences. Unless stated
explicitly, all the limits throughout the paper are with respect to n — co where n is the sample size.

B. Approaching the LoL — Selection Procedure

To obtain the optimal predictive power, an appropriate model selection procedure is necessary to strike a balance
between the model fitting and model complexity based on the observed data. The basic idea of penalized selection
is to impose an additive penalty term to the in-sample loss, so that larger models are more penalized. In this
paper, we follow the aphorism that “all models are wrong”, and assume that the model class under consideration
is mis-specified.

Definition 3 (Efficient learning): Our goal is to select &, € A, that is asymptotically efficient, in the sense that

L —— ©)
mingeA, Lnlo]
as n — oo.
Note that this requirement is weaker than selecting the exact optimal model arg min, . 4 Ly[a]. Also, the concept
of asymptotic efficiency in model selection is reminiscent of its counterpart in parameter estimation theory. Similar
definition has been adopted in the study of the optimality of AIC in the context of autoregressive order selection [54]
and variable selection in linear regression models [53].

It is worth noting that the above definition is in the scope of the available data and a specified class of models.
Because we are in a date-driven setting where it is unrealistic to compete with the best performance attainable with
full knowledge of the underlying distribution, we chose the above rationale of efficient learning instead of using

Ly [6]
minaeAn E*ln ('7 9;2 [O[]; O[)

—p 1

whose denominator does not reveal the influence of finite-sample data. In other words, Definition 3 calls for a
model whose predictive power can practically approach the best offered by the candidate models (i.e. the LoL in
Definition 2).

A related but different school of thoughts is structural risk minimization in the literature of statistical learning
theory. In that context, the out-sample prediction loss is usually bounded using in-sample loss plus a positive term
(e.g. a function of the Vapnik-Chervonenkis (VC) dimension [57] for a classification model). A definitive treatment
of this line of work can be found in, e.g., [39], [58]-[60] and the references therein. The major difference of our
setting compared with that in learning theory is our requirement that the positive term plus the in-sample loss
should asymptotically approach the true out-sample loss (as sample size goes to infinity).



Another related notion often used to describe model selection performance is minimax-rate optimality [10],
[51]. In nonparametric estimation of the regression function f € F under the squared loss, tight minimax risk
bounds for inf FSUPferF n-! S B f (x;) — f(x;))? have been obtained since the pioneering work of [61], [62]
(see [63], [64] for more discussions). A model selection method v is said to be minimax-rate optimal over F,
if suppern=t Y B fu(x;) — f(x:)}? converges at the same rate as the aforementioned minimax risk, where
fl, is the least squares estimate of f under the variables selected by v. In contrast to the notion of asymptotic
efficiency which we focus on here, minimax-rate optimality allows the true data-generating model to vary and thus
it is a stronger requirement. The asymptotic efficiency is in a pointwise sense, meaning that the data are already
generated by some fixed but unknown data-generating process. It has been proved that AIC is minimax-rate optimal
for a range of variable selection tasks, and there exists no model selection method that achieves such optimality
as well as selection consistency [51]. Meanwhile, it is possible to simultaneously combine asymptotic efficiency
and selection consistency, and that motivated recent research in reconciling AIC-type and BIC-type model selection
methods [29], [49], [65], [66].

We propose to use the following penalized model selection procedure, which extends TIC from negative log-
likelihood to general loss functions.

Generalized TIC (GTIC) procedure: Given data z1, ..., 2z, and a specified model class .A,,. We select a model
& € A, in the following way: 1) for each o € A,,, find the minimal loss estimator én [a] defined in (1), and record
the minimum as £,[a]; 2) select & = arg min,, A, L5 [a], where

L) 2 Lola] + 0 r{Vi(8aa); @) "M Jn(Bnlal; ) ). (7

We note that the two additive terms on the right hand side of (7) represent the fitting performance and the model
complexity, respectively.

The quantity £¢[a], also referred to as the corrected prediction loss, can be calculated from data, and it serves
as a surrogate for the out-sample prediction loss £, [«] that is usually not analytically computable. The in-sample
loss L, [a] cannot be directly used as an approximation for £, [a], because it uses the sample approximation twice:
once in the estimation of 8, and then in the approximation of E.l, (-, 0;«) using E,l,(-,0;«) (the law of large
numbers). For example, in a nested model class, the largest model always has the least ﬁn [a] (i.e. fits data the best).
But as we discussed in the introduction, £, [a] is typically decreasing first and then increasing as the dimension
increases.

C. Asymptotic Analysis of the GTIC Procedure

We need the following assumptions for asymptotic analysis.

Assumption 1: Data Z;,i =1,...,n are independent and identically distributed (i.i.d.).

Assumption 1 is standard for theoretical analysis and for some practical applications. In the context of regression
analysis, it corresponds to the random design. In our technical proofs, it is possible to extend the assumption of
ii.d. to strong mixing [67] which is more commonly assumed for time series data.

Assumption 2: For each model o € A,,, 0[] (as was defined in (3)) is in the interior of the compact parameter
space Hy,[a], and for all € > 0 we have

liminf inf

e aed. (geyn[a}}g{g; [ang E*gn (-, 07 a) — E*gn (-7 0’(1, [O{], a)> Z e

for some constant 7. > 0 that depends only on . Moreover, we have

sup  sup Enﬁn(-,O;a)—E*fn(-,H;a)

OtE.An GE'Hn [Oé]

—p 0,

as n — oo, and £, (-, 0} ]a]; ) is twice differentiable in int(Z) for all n, a € A,.

Assumption 2 is the counterpart of the separated mode and uniform law of large number conditions that have
been commonly required in proving the consistency of maximum likelihood estimator for classical statistical models
(see, e.g. [4, Theorem 5.7]). The 6} [«] can be interpreted as the oracle optimum under model «, or a “projection”
point of the true data generating distribution onto the model «.



Assumption 3: There exist constants 7 € (0,0.5) and 6 > 0 such that

sup sup 0| Entpn(-, 05 o) — Eutpn(-, 0; ) || = Op(1).
a€A, 0t [a]NB(0z[a],0)
Additionally, the map 0 — E,, (-, 0;«) is differentiable at € int(H,[«]) for all n and o € A,,.

Assumption 3 is a weaker statement compared with the central limit theorem and its extension to Donsker classes
in a classical (non-high dimensional) setting. In our high dimensional setting, the assumption ensures that each
projected model O[] behaves regularly. It implicitly builds a relation between d,,, the dimension of the largest
candidate models, and sample size n. As was pointed out by an anonymous reviewer, it is technically possible to
replace n” with a weaker requirement, say n%°/(logn)” for any constant v > 0.

Assumption 4: There exist constants ¢y, co > 0 such that

lim inf min eigyi, (Va(6n; ) 2 c1,

lim sup max eig, .. (Vn(0); ) < ca.
n—oo €A,

Assumption 4 assumes that the second derivative of the out-sample prediction loss has bounded eigenvalues at
the optimum 6 [«]. The lower bound ¢; indicates that the loss function is strongly convex for all models, and the
upper bound cp requires the loss functions to be reasonably smooth. This assumption is used in our asymptotic
analysis to ensure reasonable Taylor expansions up to the second order.

Assumption 5: There exist fixed constants » > 0, v > 1, and measurable functions m,[a] : Z — R* U {0},
z — my[a)(z) for each o € A, such that for all n and 01,0, € B(0};[a],T),

(2, 015 ) — bn(z, 02; ) || < male](2)[[601 — 02, ®)
E.myla] < oo. )

Moreover, we have

— 0. 10)
P,

sup my[a]
OCEA'VL

max{dx card(A,)"/?, dn\/log{dncard(An)}} xn~ T

Assumption 5 is a Lipschitz-type condition. Similar but simpler forms of this have been used in classical analysis
of asymptotic normality [4, Theorem 5.21]. We note that the condition (10) explicitly requires that the largest
dimension d,, and the candidate size card(.A,,) do not grow too fast as n goes to infinity. The condition (10) is
used to bound the rate of convergence of the empirical process G, v, (-, 8; «) in the vicinity of 8 = 6, [a]. Similar
conditions were often used to establish asymptotic results such as the Cramér-Rao bound [68, Theorem 18].

Assumption 6: There exists a constant ¢ > 0 such that

sup sup ||jn(0, a) — Jn(0;0)| —, 0, (11
a€A, 0eH, [a]NB(07[a],0)
sup sup ||Vn(9, a) —Vp(6;0)| —p 0, (12)
aEA, 0, [a]NB(6: [a].5)
i swp s [Val650) = Va(85 )] = 0. (13

20 0eA, 9, [a]NB(0z[al )

Assumption 6 requires that the sample analogs of the matrices .J,,(0; «) and V,,(0; «v) are asymptotically close to
the truth (in spectral norm) in a neighborhood of €} [«a]. In the classical setting, it is guaranteed by the law of large
numbers (applied to each matrix element). Assumption 6 also requires the continuity of V,,(6; «) in a neighborhood
of 6} [a].

We define

1 O .
’LUn[Oé] = ﬁ ;"pn(ziaen[a]’a)'

Clearly, w,,[a] has zero mean and variance matrix .J,, (0 [a]; «), and thus

B wnla]l}, o)+ = r{Va(O:lals ) (@ lalia) ).

3



Assumption 7: Suppose that the following regularity conditions are satisfied.

inf 277% 14

Jof n [a] — oo, (14)
dn,

sup el (15)

aed, "Ry[a]
Moreover, there exists a fixed constant m; > 0 such that
S (Rala]) P B {la( 65 lals0) = Bl 63 [0)i ) )™ =0, (16)
a€A,

there exists a fixed constant ms > 0 such that

2m2
5 (R, 2B [0, 0l g+ — Va6l ) @il )| 0 an
acA,
and there exists a fixed constant m3 > 0 such that
limsup Y (nRnfa]) ™ {Eullwn[a]|™ + E.[lwa[o]||*} < co. (18)
n—oo OéeAn

In Assumption 7, the conditions (14), (15) and (18) indicate that the risks R,,[a] for all « are not small so that the
model class is virtually mis-specified. The assumptions in equalities (16) and (17) are central moment constraints that
control the regularity of loss functions. Similar conditions were often used to establish the asymptotic performance
of model selection, for example [5, Condition (2.6)] and [69, Condition (A.3)].

Theorem 1: Suppose that Assumptions 1-7 hold. Then the &, selected by GTIC procedure is asymptotically
efficient (in the sense of Definition 3).

Classical asymptotic analysis for general parametric models with i.i.d. observations typically relies on a type
of uniform convergence of empirical process around 6} [«] within a fixed parameter space. Because our functions
are vector valued with dimension depending on the sample size n, we cannot directly use state-of-art technical
tools such as those in [4, Theorem 19.28]. The classical proof by White [56] (in proving asymptotic normality in
mis-specified class) cannot be directly adapted, either, for parameter spaces that depend on n. On the other hand,
though asymptotic analysis for criteria such as AIC, C), CV, GIC often consider models that depend on n (see
e.g. [5], [51], [53], [69], it is often studied in the context of fixed-design regression models, so the technical tools
there cannot be directly applied for our purpose.

Some new technical tools are needed in our proof. Here we sketch some technical ideas in the proof. We first
prove that 6, [a] is n"-consistent (instead of the classical y/n-consistency). We then prove the first key result,
namely Lemma 6, that states a type of local uniform convergence. Note that its proof is nontrivial as both the
empirical process and 6, depend on the same observed data. Our technical tools resemble those for proving a
Donsker class, but the major difference is that our model dimensions depend on n. We then prove the second key
lemma, Lemma 7. It directly leads to the asymptotic normality of maximum likelihood estimators in the classical
setting. It is somewhat interesting to see that the proof of Lemma 7 does not require the y/n-consistency of 6., [a,
which usually does not hold in high dimensional settings.

D. Example

Theorem 1 is applicable to general parametric model classes, where assumptions can often be simplified. We
shall use regression models as an example of applying Theorem 1. Suppose that the response variable is written
as Y = u(X) + ¢, where ¢ is a random noise with mean zero and variance o2, and p(X) is a possibly nonlinear
function of d,, predictors X = [X1,..., X4 ]". In linear models, data analysts assume that p is a linear function of
X in the form of y = 51 X1+ -+ B4, X4, , where d,, may or may not depend on the sample size n. We sometimes
write 11(X) as p for brevity. For simplicity, we assume that o is known, and X is a random vector independent with
e. Also assume that E(Y) =0and E(X;) =0 (i =1,...,dy). The observed data are n independent realizations of
Z =(Y,X1,...,X4, ). The unknown parameters are @ = (f1,..., 34, ). The model class, denoted by .A4,,, consists
of candidate models represented by o C {1,...,dy}, ie. u(X) =3 ;. BiXi.



In regression, it is common to use the quadratic loss function

2
ln(z,0;a) = (y - Zﬁj%’) — 0’

JjE€a

for @ € H,[«]. Note that the population loss is

2
E.l,(z,0;a) = E, (u — Zﬁjxj) ) (19)
JEa
Suppose that 8}, is defined as in (3). We define 3, to be the covariance matrix whose (7, j)-th element is £, (X;X;),
Y4y to be the column vector whose i-th element is E.(X;u), and £, = E.(u%). We similarly define ,,[a],

Yzula], X[a] which are the covariance matrix/vectors restricted to model o € A,,. Simple calculations show that
0:(a] = (Zpz]a]) ' Suula] for Hp(a) = R¥M9) and (19) may be rewritten as

Bily(2,0;0) = Eilu(z,0;[a];0) + 10 — 6;[a] |3 ()
= (Zuu - Eua: [O‘]Exaz [O‘]_lzmu [a]) + ||0 - 0:‘2 [O‘]H%”[a] (20)

The decomposition in (20) has a nice interpretation in terms of bias-variance tradeoff. The first term is the Lo(P;)-
norm of the orthogonal complement of p projected to the linear span of covariates, or the minimal possible loss
offered by the specified model a. Clearly, it is zero if « is well-specified, and nonzero otherwise. The second term
represents the variance of estimation. Evaluating V;,(6; ) and J,,(6; ) in this specific case, we obtain

Vn(0;a) = 2B, (X [o) X [o]"), Jn(8;0) =4E,(X[a]X[a]"R[a]?), R[a] 2y - 0,[a]" X [o].
Note that when R|a] is close to the independent noise term, then F,(R[a]?) ~ o2 and the GTIC penalty in (7)
is around n~1(2do?) which approximates the AIC and Mallows’ C,, method. Theorem 1 implies the following
corollary. In verifying the previous assumptions such as Assumption 2 for this corollary, we used the fact that
1605 (]l = |(Zez[a]) 1 E0ule]| = [|Zaule]]| < c*dy, and the least squares estimates fall into {6 : ||0] < 2c\/d,,}
with high probability (due to the concentration inequalities for bounded X; and ). It is possible to relax the
conditions by a more sophisticated verification of assumptions.

Corollary 1: Assume that |u| and | X;| (i = 1,...,d,) are bounded by a constant ¢ that does not depend on 7.
Suppose the following conditions hold, then the &, selected by GTIC procedure is asymptotically efficient.
1) X1,...,Xq4, are independent with zero mean and unit variance for all n;
2) d,, = o(n"), where w < 1/6;
3) infaea, Rufa] > n~¢, where ¢ < 1 — 2w;
4) card(A,,) = o(n?(1=¢—w)),

IV. SEQUENTIAL MODEL EXPANSION

As explained in the introduction, in terms of predictive power, a model in a mis-specified model class could
be determined to be unnecessarily large, suitable, or inadequately small, depending on specific sample size (see
Fig. 2). A realistic learning procedure thus requires models of different complexity levels as more data become
available.

Throughout this section, we shall use 7" (instead of the previously used n) to denote sample size, and subscript
t as the data index, in order to emphasize the sequential setting.

A. Discussion

We have addressed the selection of an efficient model for a given number of observations. In many practical
situations, data are sequentially observed. A straightforward model selection is to repeatedly apply GTIC procedure
upon arrival of data. However, in a sequential setting, the following issue naturally arises:

Suppose that we successively select a model and use it to predict at each time step. The path of the historically
selected models may fluctuate a lot (which will be illustrated in our numerical experiments). Instead, it is more
appealing (either philosophically or computationally) to force the selected models to evolve gradually.



To address the above challenge, we first propose a concept referred to as the graph-based expert tracking,
which extends some classical online learning techniques (Algorithm 1). Motivated by the particular path graph
1—2—---N, where 1,2,..., N index the candidate models, we further propose a model expansion strategy
(Algorithm 2), where each candidate model and its corrected prediction loss can be regarded respectively as an
expert and loss at each time.

The proposed algorithm can be used for online prediction, which ensures not only statistically reliable results
but also simple computation. Specifically, we propose a predictor that has cumulative out-sample prediction loss
(over time) close to the following optimum benchmark:

T
min L] ]. 21
ize(i,onnyiz) <k, i1,oir€{l,...N} ; nlai] D
where the size of a sequence size(i1, ..., i) is defined as the number of ¢’s such that i; # i;4;. In other words, the
minimization is taken over all tuples (i1,...,47) that have at most & switches and that are restricted to the chain
1 — 2 — ---. For example, (i1,...,i5) = (1,2,2,3,3). In the above formulation, i; and k respectively means the
index of model chosen to predict at time step ¢, and the number of switches within 7" time steps.

B. Tracking the Best Expert with Graphical Constraints

In this subsection, we propose a novel graph-based expert tracking technique that motivates our algorithm in
the following subsection. The discussion may be interesting on its own right, as it includes the state-of-art expert
tracking framework as a special case (when the underlying graph is fully-connected/complete).

Suppose there are N experts. At each discrete time step t = 1,2,...,T, each expert gives its prediction, after
which the environment reveals the truth z; € ). In this subsection, with a slight abuse of notation, we shall also
use | to denote loss functions in the context of online learning. The performance of each prediction is measured
by a loss function [ : {1,2,..., N} x ) — R. A smaller loss indicates a better prediction. In light of the model
expansion we shall introduce in the next subsection, each i = 1,..., N represents a model, and (7, z;) is the
prediction loss of model ¢ which is successively re-estimated using z1, ..., 2z; at time step t.

In order to aggregate all the predictions that the experts make, we maintain a weight for each expert, and update
them upon the arrival of each new data point based on the qualities of the predictions. We denote the weight for
expert i € {1,..., N} at time ¢ as w;, and the normalized version as W;;. The goal is to optimally update the
weights for a better prediction, which is measured by the cumulative loss minus the best achievable (benchmark)
loss. This measure is often called “regret” in the online learning literature [70]-[72]. The regret is a relevant criterion
of evaluating the predictive performance in sequential settings, since the model and model parameters have to be
adjusted on a rolling basis as new data arrives, and a selected model at a time step ¢; may not be suitable at another
time step to. If the benchmark in the regret is defined as the minimum cumulative loss achieved by a single expert
in hindsight, namely min;<;«<x Zthl 1(i*, z¢), then it is standard to apply the exponential re-weighting procedure
which produces some desirable regret bound [71, Chapter 2]. In many cases the best performing expert can be
different from one time segment to another, motivating the benchmark

T
size(il,...,iT)glg,IlillI,l...,iTG{l,...,N} tz_; I(it, z:)

where &k denotes the maximum number of switches of the best experts in hindsight. In this scenario, the fixed share

algorithm [71, Chapter 5] can be a good solution with guaranteed regret bound. We consider the following problem

setting that aims to significantly reduce computational costs.

The best performing expert is restricted to switch according to a directed graph, G = (V, E) (without self-loops),
with V' = {1,..., N} denoting the set of nodes (representing experts) and E denoting the set of directed edges.
At each time point, the best performing expert can either stay the same or jump to another node which is directly
connected from the current node. Let

Bij = 13G.j)cns (22)



Algorithm 1 Tracking the best expert with graphical transitional constraints

input Learning rate n > 0, sharing rate 0 < k < 1/D
output p; = [p;1,...,p:,n]" (predictive distribution over the active models) for each ¢t =1,...,T
1: Initialize w9 =1 w;p=0forallie {2,...,N}

2. fort=1—>1T do

3:  Calculate the predictive distribution p;; = w; 1/ Zévzl wj4—1, foreach i € {1,...,N}

4:  Read z;, and compute v; ; = w;;—1 exp(—n - (4, 2¢)), foreach i € {1,..., N}

i Letw;; = /iZ;V:l Bjivie + (1 — kB;)vi, for each i € {1,..., N}, where 3;;, 8; are defined in (22), (23)
6: end for

which is 1 if there is a directed edge (7, ) on the graph, and 0 otherwise. Let
N
Bi=" Bis (23)
j=1

which is the out-degree of the node 7. In addition, we assume that max;ec1,.. n 3; < D, where 0 < D < N.

We propose Algorithm 1 to follow the best expert with the graphical transitional constraints. We use a special
prior w; o here to motivate content in the next subsection. It is not difficult to extend our discussion to more general
priors here. The classical fixed-share algorithm can be seen as a special case when the graph is complete. The
advantage of using the graph-based expert learning is to reduce the computational cost and to obtain a tighter error
bound, as shown in the following Theorem 2. A regret bound will be derived that only depends on the graph degree
D instead of the number of experts N. To the best of the authors’ knowledge, the framework concerning dynamic
regret with graph constraints stated here has not been studied before.

Theorem 2: Suppose the loss function takes values from [0, 1]. For all T > 1, the output of the algorithm in
Algorithm 1 satisfies

T N
. . 1 1 1 1 T
Z(Zl(z,zt)pu - Z(Zt,zt)> < E(T —k—1log ——+ 5k;log —+n3

t=1 “Ni=1
for all expert sequence (i1,1i2,...,4r) and all observation sequence (21, 22, ..., 2;), given that (i1, i9,...,i7) has
only transitions following directed paths in graph G and size(i1, iz, . . .,ir) < k.

The left hand side of the above inequality is referred to as regret. In order to minimize the above regret bound
with respect to (k,7), we first take derivative with respect to the sharing rate x and solve the first order equation
to obtain k = k/((T —1)D). Then the bound becomes S/n + nT/8. We further minimize it over the learning rate
7 to obtain n = 1/8S/T. The corresponding minimal bound is calculated to be /7'S/2. Here

S = (T — 1)H(k/(T — 1)) + klog D,

and H(-) is the binary entropy function defined by H (z) 2 —zlogz — (1 —x)log(l —z) for x € (0,1), H(0) =

H(1) = 0. The T is interpreted as a pre-determined stopping time, when the performance of the data-driven
algorithm is to be contrasted with that of the optimal graph search (with &£ node switches). In particular, for small
k/T, the average of the regret is at the order of

T , N 1/2
1 ) , VTS/2 —-1/2 k 1/2
T;(;l(z,zt)pi,t—l(zt,zt)) < —r ~T : T-T‘logT—i—klogD ~ (k/T)"*log(DT)
It is interesting to see that with graphical constraint, the regret bound does not depend on N, but on the maximum
out-degree D instead. Thus, the bound can be tight even when N grows exponentially in 7', as long as D < N
(i.e. sparse graph).
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Fig. 3: Illustration of the state-of-art and our new way of redistributing the share of weights in online learning.

C. Algorithm for Sequential Model Expansion

The new online learning theory proposed in the last subsection is motivated by graph-based expert tracking.
Intuitively speaking, instead of using the exponentially updated weights directly, each expert borrows some weights
from others, allowing poorly performing experts to quickly stand out when they start doing better. In that way, the
experts are encouraged to rejuvenate their past performance and “start a new life”, so that we can track the best
expert in different time epochs. The classical fixed-share algorithm [71, Chapter 5] is a special case when 3;; = 1
for all ¢ # j and k becomes /(N — 1), illustrated in Fig. 3(a).

Our algorithm in this subsection is motivated by the particular path graph 1 — 2 — --- N, where 1,2,..., N
index the models and the corresponding D is 1. In other words, we share the weights in a directional way, thus
encouraging the experts to switch in a chain. The update rule is illustrated by Fig. 3(b).

Our algorithm for sequential model expansion is summarized in Algorithm 2, where each candidate model and
its corrected prediction loss can be regarded respectively as an expert and loss at each time. The labeling of models

a1, a, ... is generally in the ascending order of their dimensions. To further reduce the computational cost, we
maintain only an active subset (of size K) instead of all the candidate models at each time. The active subset starts
from {aq,...,ax}; it switches to {aq,...,ax 1} when the weight of the smallest model a; becomes small and

that of the largest model ar becomes large; it continues to switch upon the aggregation of data.

The output of Algorithm 1 is a predictive distribution over the active models. It can be used in the following two
ways in practice: 1) we randomly draw a model according to the predictive distribution and use the predictor of that
model, or 2) we use the weighted average of predictors of each model according to the predictive distribution. This
can be regarded as a specific ensemble learning (or model averaging) method. The following Proposition 1 shows
that with appropriate learning parameters, the average predictive performance of our algorithm is asymptotically
close to the average of a series of truly optimal models (i.e. optimal model expansion) allowing moderately many
switches.

Proposition 1: Suppose that Assumptions 1-7 hold, and that sup;<;<7sup,e4, £f[a] < c almost surely for
some fixed constant ¢ > 0. Suppose that the lines 5-8 are removed from Algorithm 2, and that K = card(A,,),
then its output satisfies

T card(Ar)

1(2 Z pit Lilo] — min_ Zﬁca“>_ﬂ H<T]il> (24)

size(%1,02,...,8

for all T' > 1, given that

In particular, if £ = o(T"), we have

T card(Ar)

lim sup — (Z Z Dt Lf[ov] mln ZE [evi,] > < (25)

T—00 size(i1,i2,...,

almost surely.



Algorithm 2 Sequential model expansion using GTIC-corrected loss (GTIC-sequential)

input {z, : t = 1,...,T}, n > 0, K € [0,1], wo1 = l,wge = --- = wox = 0, candidate models Ap =
{ar, a2, ... caraar) }» 8 = 0 (@sy1, - - -, s i are the maintained active subsets of models), K € N, threshold p € [0, 1]
output p, = [pr1,...,pe k]" (predictive distribution over the active models) for each ¢t =1,...,T
1: fort=1—n do
2:  Obtain z; and compute vy, = wy—1 x exp{—n L{[astx]} for each k = 1,..., K, where L{[a] is calculated from (7)
and fitting the data z;,...2z; to model a.
3:  Let

(1—8) v ifk=1
wr=41—r)vyp+ruvr fl<k<K
Ve + K V-1 k=K

4. Letpyy = (Zszl we ) o, k=1, K

5: ifpi1 <pand ppx >1—pand s+ K < card(Ar) then

6: Lets=s+1

7: Let wy j, = wy gy, where k =1,..., K and k' = (k + 1 mod K) (relabeling the active models)
8: end if

9: end for

Next, we explain some details regarding Algorithm 2 and Proposition 1. In addition to the (sequential) data and
model class, other inputs to Algorithm 2 are two learning parameters 7, x, the number of active models K, and
the threshold p. The parameters 1 and x control the rate of learning and the rate of model expansion, respectively.
The number of active models K is set to reduce the computation cost when sample size is small compared with
model dimensions, and the threshold p is used to update our active models under consideration.

In particular, upon the arrival of a new data point or a set of data points, denoted by z;, at each time step ¢
(line 1), we update the weight of each candidate model by a Bayes-type procedure (line 2). The loss employed
in the update is the corrected prediction loss, which is directly computable from the data and which serves as an
approximation of the out-sample prediction loss (as was discussed in Subsection III-B). The weights of each model
are then updated following the path graph (line 3). When the weight of the smallest model becomes small and
that of the largest model becomes large, it means the current active models are inadequately small. So we drop the
smallest model and include the next large model into the active set, and adjust their weights accordingly (lines 5-8).
In line 7, the weight of the removed model is assigned to the newly included one, so that the sum of the weights
remains the same. Proposition 1 states that the average predictive performance of our algorithm is asymptotically
close to that of the optimal model expansion allowing k& = o(T') switches. For example, if only one point arrives
at each time step, and the dimension of the optimal model is at the order of T for § € (0, 1), then the condition
is trivially satisfied.

The proof of Proposition 1 follows directly from Theorem 1 and Theorem 2 (with D = 1), by using simple
manipulations. For technical convenience, Proposition 1 is only proved by removing the part of maintaining an
active subset (lines 5-8). We maintain an active subset mainly for computational purpose, and we experimentally
observed that it does not deteriorate the predictive performance. Theoretically, this is because the excluded models
are often overly large or small, and their weights are thus negligible. Next, we make some specific assumptions to
illustrate the above idea. Suppose that the corrected prediction loss of model o with dimension d,, is approximately
LE[a] = c1dy” + cady/t for some positive constants ¢y, co,7, consisting of a bias and a variance term at each
time step ¢. Let w;[ca], v¢[a] denote the counterpart of wy y, vy for each model o € A, if it were calculated, and
suppose that vi[ay] < -+ < w]ayy,] for a certain m. For any 1 < i < j < m, we have

wilog] = (1= w)vileg] = (1 = k) exp{—nLi[a;]}wii[ay]

T
>(1-r)T exp{—nz Le[oj]} ~ (1 — /i)Texp{—ncle;;Y — ncada, log T'}
t=1



while on the other hand

wi[o] < vifay] = wi—1[eu] exp{—nL{[a;]}

T
<exp{-nY_ Lilai]} ~ exp{—ne1Td," — neady, log T}
=1
For small k, it can be verified that (1 — )7

wilog]/wila;] = O(1) x exp{—nc1T(d,” — d;])} = 0(1) x exp{—c3(log T)(dw, — da,)}-

~ exp(—k) and

for do, < da, < c4(T/logT )1/(47) for some constants c3, ¢s. This indicates that relative weights of underfitting
models will exponentially decay as the dimension deviates more from the optimum. We leave a more sophisticated
analysis for future work.

An anonymous reviewer pointed out that the above sequential model selection would be most useful when
combined with a sequential update of the model parameters (for a given model). Suppose that 6, is the MLE of a
parameter 6 under ¢ data observations. Here we summarize two common methods that could be potentially used in
online implementations: 1) calculate asymptotic expression of 0,—0,_ 1, also called the asymptotic influence function,
to update from Ht 1 to Gt (see e.g. [4, Theorem 5.23]), and 2) use Gt 1 as a warm start for estimating Gt when
using iterative algorithms such as the (stochastic) gradient descent and Newton-Raphson method. Additionally, as
another anonymous reviewer pointed out, the sequential algorithm is compatible with any model selection criterion
that enjoys the efficiency property, and Proposition 1 is not only specific to GTIC.

V. NUMERICAL EXPERIMENTS

The model classes under consideration are logistic regression and feed-forward neural networks. We also released
an open source python package ‘gtic’ at https://pypi.python.org/pypi/gtic, in which we build a tensor graph of GTIC
upon the ‘theano’ platform. Users can simply provide their tensor variables of loss and parameters, and obtain the
GTIC instantly.

A. Logistic Regression Models

We generate data from a logistic regression model, where the coefficient vector is 3 = 10x [171° ... 1007 15]",
and covariates z1,...,x190 are independent standard Gaussian. Suppose that we sequentially obtain and learn the
data, starting from ¢ = 10, and then ¢ = 11, ...,100. We consider the model class that consists of logistic regression
models of dimensions 1, ..., |v/] at each time step ¢. A model of dimension d means that the coefficients of the
first d variables x1, ..., x4 are unknown parameters and the coefficients of the remaining variables are restricted to
be zero. The model class is nested because a small model is a special case of a large model. Since the maximum
dimension of candidate models is restricted to be no larger than v/100 = 10, the model class is considered as
mis-specified. We summarize the results in Fig. 4 and 5.

To illustrate the efficiency of GTIC, we first simulate model selection results with batch data. We numerically
compute the true prediction loss of each trained model (obtained by testing on a large dataset), and then identify
the optimal model (with the least loss). In Fig. 5a, we compare the performance of GTIC to different types of
CV. Holdout takes 70% data for training and tests on 30% data. It fluctuates throughout the experiment, and most
of time it yields the worst performance. GTIC, 10-fold CV and LOO perform well in this experiment. However,
both GTIC and 10-fold CV fluctuate a little bit. Our proposed sequential model expansion algorithm smoothly
expands the model and yields the best performance compared to all the other approaches. As shown in Fig. 4a and
4b, although the optimal model of each sample size is not always identical to the selected model from our model
expansion algorithm, the loss of our selected model is almost the same as the optimal model (Fig. 5a). This result
is consistent with our definition of efficient learning.

The computation cost of all approaches is provided in Fig. 5b. As shown in the figures, under logistic regression,
GTIC is slightly better than 10-fold CV but worse than Holdout. GTIC is no more than 10 times faster than 10-fold
CV, this is because we need to compute the penalty term in GTIC plus the evaluation of n data, while each of
the 10 folds uses less than n data. However, depending on the problem and data, we may need different number
of folds for CV in order to have a satisfactory result. Since GTIC performs almost as well as LOO and 10-fold
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(b) Heat-map showing our predictive weights over the candidate models (y-axis)
at each sample size (x-axis), using sequential model expansion.

Fig. 4: Experiment 1: logistic regression models

CV, we suggest using GTIC instead of guessing or searching the optimal number of fold for CV. With GTIC, we
do not need to sacrifice much on computation cost, but can still achieve theoretically justifiable result which is as
good as LOO.

In another experiment, we considered two underlying data generating models. One model (called M) is generated
using a logistic regression model with coefficients 3 = [1,2%1 ... p%!] and standard Gaussian covariates. The other
model (called M>) is generated using a logistic regression model with coefficients 3 = [0.999,0.9992, ..., 0.9997]
and standard Gaussian covariates. We numerically compare the performance of AIC, BIC, slope heuristics (denoted
by SH), and TIC under various choices of sample size n and number of covariates p. The SH method is based on the
AIC shape (linear in dimension) and the ‘dimension jump’ approach to determine the multiplicative constant [34].
The performance is evaluated using out-sample prediction loss, prediction accuracy, and prediction efficiency,
summarized in Tables I, III, IV, respectively. The best performing method is highlighted with bold. The results show
that TIC performs the best in all cases, and BIC is always the worst for the mis-specified model class. The results
are summarized with three evaluation metrics, mainly because they are all used in practice and their interpretations
are different. The out-sample prediction loss of Tables II, also referred to as the “testing loss”, shows the KL
divergence from the true data generating model to the learned model (up to an additive constant). The prediction
accuracy of Table III, also referred to as the “classification accuracy”, shows the accuracy of threshold decisions
and it is not a proper loss for training. The prediction efficiency of Table IV shows the relative deviation from the
underlying truth compared with the best candidate model in hindsight.



TABLE 1II: Performance comparison in terms of the out-sample prediction loss, for data generated from two
different logistic regression models. The values are averaged from 50 independent replications, with standard errors
in the parentheses.

My Mo
AIC BIC SH TIC AIC BIC SH TIC
n=100,p =20 | 0.41 (0.01) 0.53 (0.03) 0.41 (0.01) 0.41 (0.01) | 0.38 (0.02) 0.54 (0.03) 0.38 (0.02) 0.37 (0.01)
n =100,p =50 | 0.66 (0.02) 0.68 (0.01) 0.61 (0.01) 0.51 (0.02) | 0.68 (0.03) 0.71 (0.01) 0.69 (0.02) 0.47 (0.02)
n =300,p =60 | 0.34 (0.01) 0.64 (0.02) 0.34 (0.02) 0.34 (0.01) | 0.30 (0.01) 0.44 (0.05) 0.31 (0.01) 0.30 (0.01)
n = 300,p =150 | 0.81 (0.05) 0.69 (0.00) 0.67 (0.02) 0.53 (0.02) | 0.81 (0.03) 0.70 (0.00) 0.65 (0.01) 0.50 (0.01)
n = 500,p =100 | 0.34 (0.01) 0.68 (0.01) 0.36 (0.01) 0.34 (0.01) | 0.30 (0.01) 0.44 (0.05) 0.29 (0.01) 0.29 (0.01)
n =500,p =250 | 0.95 (0.04) 0.69 (0.00) 0.65 (0.02) 0.54 (0.02) | 0.96 (0.03) 0.69 (0.00) 0.55(0.01) 0.51 (0.01)

TABLE III: Performance comparison in terms of the out-sample prediction accuracy, for data generated from two
different logistic regression models. The values are averaged from 50 independent replications, with standard errors
in the parentheses.

My Ma
AIC BIC SH TIC AIC BIC SH TIC
n=100,p=20 | 0.80 (0.01) 0.74 (0.02) 0.80 (0.01) 0.80 (0.01) | 0.82 (0.02) 0.75 (0.05) 0.82 (0.02) 0.84 (0.01)
n=100,p=>50 | 0.68(0.03) 0.4 (0.07) 0.73(0.02) 0.77 (0.02) | 0.73 (0.03) 0.63 (0.06) 0.73 (0.03)  0.80 (0.02)
n=300,p=60 | 0.82(0.01) 0.60 (0.03) 0.82 (0.01) 0.82 (0.01) | 0.86 (0.01) 0.80 (0.03) 0.86 (0.02) 0.86 (0.01)
n=300,p=150 | 0.73 (0.02) 0.57 (0.09) 0.74 (0.02) 0.78 (0.01) | 0.76 (0.02) 0.67 (0.08) 0.79 (0.03)  0.81 (0.02)
n =500,p =100 | 0.82 (0.01) 0.57 (0.04) 0.81 (0.01) 0.82 (0.01) | 0.87 (0.01) 0.77 (0.06) 0.87 (0.01)  0.87 (0.01)
n =500,p =250 | 0.72 (0.01) 0.50 (0.08) 0.76 (0.01) 0.80 (0.01) | 0.72 (0.01) 0.40 (0.05)  0.75(0.02)  0.79 (0.01)

TABLE IV: Performance comparison in terms of the out-sample prediction efficiency, for data generated from two
different logistic regression models. The values are averaged from 50 independent replications, with standard errors
in the parentheses.

My Mo
AIC BIC SH TIC AIC BIC SH TIC
n =100,p =20 | 0.97 (0.01) 0.58 (0.08) 0.97 (0.02) 0.97 (0.01) | 0.97 (0.02) 0.58 (0.09) 0.97 (0.02) 0.99 (0.02)
n =100,p =50 | 0.67 (0.04) 0.60 (0.04) 0.80 (0.03) 0.98 (0.02) | 0.60 (0.04) 0.54 (0.03) 0.61 (0.03) 0.98 (0.01)
n =300,p =60 | 0.98 (0.01) 0.32(0.06) 0.98 (0.01) 0.98 (0.01) | 0.96 (0.02) 0.64 (0.10) 0.96 (0.02) 0.98 (0.01)
n = 300,p =150 | 0.58 (0.03) 0.70 (0.04) 0.76 (0.02) 0.99 (0.01) | 0.56 (0.03) 0.66 (0.04) 0.79 (0.03) 1.00 (0.00)
n = 500,p =100 | 0.98 (0.01) 0.32 (0.02) 0.95 (0.01) 0.98 (0.01) | 0.96 (0.02) 0.62 (0.08) 0.98 (0.02) 1.00 (0.00)
n = 500,p =250 | 0.50 (0.02) 0.73 (0.04) 0.81 (0.02) 0.99 (0.01) | 0.48 (0.02) 0.68 (0.02) 0.92 (0.02) 0.99 (0.01)

TABLE V: Performance comparison in terms of the average efficiency in a sequential setting, for data and models
described in Subsection V-B. The values are averaged from 20 independent replications (standard errors within 0.3).
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Fig. 6: Experiment 2: neural networks

B. Neural Networks

We consider the model class to be single-layer feed-forward neural networks (see Fig. 6a). Neural networks are
inherently mis-specified models.

Data are generated from the following way. A set of two-dimensional data are uniformly sampled from two
circles (with radius ratio 0.6), corrupted by independent Gaussian noise with mean 0 and variance 0.1 (generated
from python package ‘sklearn’ dataset “make_circle”). The goal is to correctly classify the data into two groups,
the larger and smaller rings. Since we have two-dimensional data, our input dimension for the model is two. And
because we want to classify into two groups, the output dimension is two. In this experiment, the model complexity
of our model is the number of hidden nodes in the single hidden layer.

We sequentially obtain and learn the data, starting from ¢ = 100, then t = 101, ..., 300. We start from 100 samples
because Neural Network is likely to converge to a local optimal for small sample size. The path of expansion in
this case is the number of hidden nodes in the single hidden layer. Since data are not linearly-separable, we do
need at least one hidden layer to accurately classify the data. We restrict the maximum number of hidden nodes
to be v/t/(input dimension) due to our assumption. The path of expansion is in increasing order of the number of
hidden nodes, since having a small number of hidden nodes is a special case of having more number of hidden
nodes.

Similarly, the optimal model (oracle) is obtained by testing the trained model on a large dataset. The oracle loss
of different models at different sample size is shown in Fig. 7a. With a small sample size, the cost of overfitting is
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Fig. 8: Experiment 2: neural networks

considerably high. When we have enough samples for training, the cost of overfitting decreases. This effect may
also depend on the dimension of input data. In Fig. 8a, the loss ratio varies quite a lot when the sample size is small,
but gradually converges. This is partially because the influence of overfitting on the predictive power decreases as
sample size increases. In other words, even if we choose a model that is slightly overfitting, the loss ratio is still
close to one. The results in Fig. 7b show that the weights of smaller models in the active set are large enough to
prevent the model from expanding. As a result, we alleviate the tendency to choose the overfitting models even
when their loss is relatively small. The average efficiency over all the time steps is reported in Table V, where we
considered the use of various selection criteria in sequential settings (using Algo. 2).
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The computational cost is shown in Fig. 8b. As expected, the computation of 10-fold CV and LOO increases
significantly. However, since we can analytically compute the gradient and hessian involved in the GTIC penalty
term, using symbolic expression computation software and saving them on the disk in advance, our computation
cost is almost constant at each time step. Therefore, our overall computational cost is almost identical to Holdout.
Furthermore, we can utilize warm-start in our implementation, which is a benefit that CV cannot enjoy in naive
sequential model selection framework. Therefore, we encourage the use of GTIC in sequential model expansion
scheme.

VI. CONCLUSION

In the framework of parametric models with possibly expanding model dimensions and model space, we studied
a method to approach the limit of statistical learning in the sense that the predictive power of the selected model
is asymptotically close to the best offered from a model class. The proposed method, GTIC, is an extension of
an information criterion by Takeuchi to more general loss functions. Our theoretical analysis of GTIC justifies the
use of TIC for general mis-specified model classes, and extends some technical tools for classical analysis of AIC
in linear models. Moreover, the proposed approach serves as an alternative of leave-one-out cross validation that
is in general not accessible due to its computational burden. In the second part of the paper, we also proposed
a sequential model expansion algorithm for reliable online prediction with low computation cost, based on our
new graph-based expert tracking techniques. In summary, the proposed methodology is asymptotically optimal and
practically useful, and it can be a promising competitor of cross-validation in both batch and online settings.

APPENDIX A
PROOF OF THEOREM 1
We start with the following technical lemmas and additional definitions.
Lemma 1: Suppose that Assumptions 1, 2, 3, 4, 6 hold. Then ), is n"-consistent uniformly over A, namely
SWDae, " [[0la) — 03[0l = O,(1).
~ Proof: Using Assumption 2 and a direct adaptation of the techniques in [4, Theorem 5.7], we can prove that
0, [a] is consistent in the sense that
sup [|8,[a] — 65 [a]]| = 0,(1) (26)
Oée.An
as m — oo.

From the definitions of én and @7, we have for each a € A,
n” Eo{tpn (-, 03]a); ) = (-, Onal; )}
=n"{0 — Ex,(-,0,]a];a)}
= nT{En¢n(‘70n[a];a) - E*'an(‘vgn[a];a)} (27)
From the differentiability of the map 6 — E,),(-, ; ), there exists 8[| such that ||0[a] — 6 [o]|| < ||0,]e] —
0’ (]|, and
E*{'l»bn(a 0:1[04]; Oé) - "pn(7 én[a]; a)}
= Vo E{Yn(-,0[a; a)}(6; o] — On[a])

= Va(6[a]; a)(8;[a] — Bnl]), (28)

where the exchangeability of integral and differentiation (in the second identity) is guaranteed by (8) and (9) in
Assumption 5.
Therefore, with probability tending to one, we have

sup 1| Vu(8]a]; ) (6;]a] — 8, [a])]

acA,

= sup 17| E{¢u(,6;0) — Pu(-, O )|
acAy,

= Sui) nTHEn'lpn('aén[a];a) - E*'l;bn(aén[aLa)H
acAy,

= Op(l)
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where the first equality is due to (28), the second equality is due to (27), and the third equality comes from
Assumption 3. By the (13) in Assumption 6 and Assumption 4, V;,(0[a]; «) is invertible for each « € A,,, and

sup [[Va(8[al; ) 7! < 1/(2¢1)
acA,

with probability tending to one. It follows that

sup 77 [|6;[a] — O[]

acA,,

< s {HVn<5[a];a)‘1! Vi (Blal; @) (0210] — én[anu}

= 0,(1), (29)
which concludes the proof. [ |

Before we proceed, we need the following definition.

Definition 4 (Bracketing number): Given two scalar functions f; and fs, the bracket [fi, fo is the set of all
functions f such that f; < f < fo. An e-bracket in Lo(P) is a bracket [f1, fo] with E.(fs — f1)? < €2, The
bracketing number N (e, F, L2(P%)) is the minimum number of e-brackets needed to cover a set F. Moreover,
the bracketing integral is defined by

0
I y(6, F, La(P.)) = / V108 N (e, F, La(P.))de (30)
0

for § > 0.

The logarithm of the above bracketing number is also referred to as bracketing entropy relative to the Lo(Px)-
norm. It is commonly used to describe the size of a class of functions. We will use the above definition in order
to prove uniform convergence results. We refer to [73] for a different bracketing idea which was used to study the
nonasymptotic estimation theory.

We have the following lemma whose proof follows directly from Definition 4 and Assumption 5.

Lemma 2: Suppose that Assumption 5 holds, and r,, < r for all n (where r has been defined in Assumption 5).
Let Fulo] = {¢n(-,6;a) : 0 € B(0;]o], ) C Rd”[a]} be a collection of (vector-valued) measurable functions.
Then

_ d,[a
Ny (e, Falal, La(P.)) < (£ rn || p, ) 1

P,

forall 0 < e < 7y,
We prove the following technical lemmas.
Lemma 3: For any sets of functions F,7 =1,...,k, we have

I11(6, U1<j<kFj, La(P))
< \/2logk 6 +Vk sup Ij (6, Fj, Lao(Py))

1<j<k
Proof: The case k = 1 is straightforward. We only need to prove for k£ > 2. By Definition 4, we have
Nij(e,UigjnFs, La(P)) < D Npj(e, Fj, La(Po).
1<j<k

From (30), it suffices to prove the following result, and then let v;’s be N[ (e, Fj, L2(P:))’s. For any numbers
vy > - > v > 1 (k> 2), we have

k
longj < max{+/2logk, \/kloguv}
j=1

< /2logk + v/klogv;.
Furthermore, it suffices to prove that

log(kv1) < max{2logk, klogui}. 31)
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In fact, if v1 < kY =1)  then

log(kvy) < log(k - k1) = logk < 2log k.

k—1
Otherwise, log(kv1) < klogwvi, because g : v — klogv — log(kv) is increasing on v > 1 and it equals zero when
v = kY k=1, u
Definition 5: For any class F of functions f : Z — R, a function F': Z — R is called an envelope function of
F,if supser|f(2)| < F(z) < oo for every z € Z.
Lemma 4: ( [4, Lemma 19.34]) For any class F of measurable functions f : Z — R such that E, f? < §2 for
all f, with

a(6) = 8/, /max{1,log N[ (6, F, L2(P.))}
and F' an envelope function, that

E, ;gg\anl S0, F, La(Pe)) + VnEAF -1 fras) }-
Here, 14 is the indicator function of event A.

Lemma 5: Let F,, = Uqca, Fnla] where Fpla] = {fnu : u € Ula]} be a class of measurable vector-valued
functions. In other words, for each a € A, and u € Ula], fou = [fouls - foud,fa)]” With foui : 2 = R
being a scalar-valued function. The dimension d,[a] can be different for « € A,,, and we let d,, = max,ca, dy[a].
Assume that the following conditions hold.

(i) There is an envelope function F, that satisfies

sup | frwi(2)] < Fu(z) < 00
a€A, uelU|a]CRInl 1<i<d, [a]

for every z € Z;
(ii) There exists a deterministic sequence {J,,} such that

dp+/og{d,card(A,)}6, — 0, (32)

and
(iii) The bounded moment condition:

5, 2E.F2 — 0;

(iv) The bounded class condition:

diﬂ Card(An) X sup I[ ](5na]:n,i[a]a L2(P*)) — 0,
acA,,1<i<d,[a]
where we let F), ;[a] = {fnui:u e Ulal}.
Then we have supscz [|Gnf| —p 0 as n — oo.
Proof: By Markov’s inequality, it suffices to prove that E; supac 4, uevfa)llGnfn,ull — 0 as n — 0.
Condition (iii) implies that for all sufficiently large n,

sup E.f} i < E. sup I

RO n,U,t
a€A, uella]i=1,...,d, a€A, uellali=1,....d,

<32 (33)
Let 6y, an(d,) be the constants given in Lemma 4 corresponding to 6 = §,, and

Fn = U Fuilal.
a€A,,1<i<d,[q]
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From inequality (33) and Lemma 4, we have

E, sup |ann,u,z‘
acA,,uella],1<i<d, o]

[}(5TL7JT-'TL7L2( )) + \/>E {F 1F >v/nan (6, )}

T - 2
I[ ](5n7Fna LZ(P*)) + an(én) EF;, (34)

where the second inequality comes from the fact that
1p >v/nan (8,) < I 1 >\/nan, ( o
6 S i (5, V0 = (5,)
By the definition of a,(-), I} |(9, Fin, La(P,)), and the fact that N (9, Fn, Lo(P,)) is non-increasing in &, we have
1
an(én)

1 =
_ ?\/max{l,log Ni (0ns Fy La(P.))}

1

< szl

57Lv~7:n7 L2( ))

It follows that the right hand side of (34) is upper bounded by
I (6n, Fs La(Py)) (1 + 6, 2B, F?).
Therefore, by Lemma 3 and simple manipulations, we have

E, sup ||ann,uH
a€A, uella]

<E. sup Z|anw|

acA,uella] ;4

acA, uella],1<i<d, [a]

< (A1 + A9)(1+6,% E.FY), (35)

where

Ay = dy/2log{dpcard(A,)}6,,

Ay = d3/%\/card(A,) sup I (0n, Fuilal, La(P)),
acA,,1<i<d,[a]

Assumptions (ii), (iii), and (iv) guarantee that the right hand side of (35) goes to zero as n — oo, which concludes
the proof.

|
Using the above results, we can prove the following key technical lemma.
Lemma 6: Suppose that Assumptions 1-6 hold. Then
Sup IGnn (-, Oula): @) = Gutpu(-, 0;]a]; @) | = 0p(1). (36)
aEA,

Proof: For a constant ¢, consider the class F,, = Uqe, Fnla], with Fp,[a] = {fou:ueUl}, Ud] =
{fur, . ug, )" Sl 2 = o} and

Fou(:) = n(, 05[] +n7Tu; a) = Pu(-, Oplaf; ).

Suppose that €,§ > 0 are fixed constants. It suffices to prove that the left hand side of (36) is less than §
with probability at least 1 — ¢ for all sufficiently large n. By Lemma 1, there exists a constant ¢ > 0 such that
Gntpn(-, Onla); @) — Gpap, (-, 0%[a]; @) falls into the class F,, with probability at least 1 — e/2 for all sufficiently
large n. Therefore, we only need to prove that for any given constant ¢ > 0, sup¢cz, [|Gn f|| —p 0. It remains to
prove that there are d,,’s that satisfy Conditions (i)-(iv) of Lemma 5.
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We define F, ;[a] as was in Lemma 5, and define m,,(-) = sup,e 4. mn[c](-). By Assumption 5, we can use

E.(+) 2en T SUPue 4, Mn[c](+) as the envelop function for each f,, ., ;(+), and we have
E*FT% < (] 2 cgn_QTE*m%
Let

Cy = dy/log{d,card(A,)}.
Because of (10) in Assumption 5, we have

C20) = n~?d2 log{dcard(A,)} E,m2 —0 (37)

1/2) such that

This implies the existence of a sequence J,, (e.g. d, = 011 /4
6,Cy — 0, 6,2C1 — 0,

which further implies Conditions (ii) and (iii) in Lemma 5.
To conclude the proof, we prove that Condition (iv) in Lemma 5 holds for any d,, — 0. From Lemma 2, we
have for each a € A,,,1 <i < d,[a] that

11 1(6n, Frjile], La(Py))

b 1/2
§/ [max{O,dnlog(s_lcn_THmn\p*)}] de
0
min{d,,cn~"||m. | p, } 1/2
:/ [dnlog(s_lcn_THman*)] de (38)
0

Because condition (10) implies that n~
that for all sufficiently large n, the integrand in (38) is upper bounded by d}/ 25_p, where 1/(1 — p) = and 7 is
given in Assumption 5. Therefore, for all sufficiently large n, the right hand side of (38) is upper bounded by

en” 7 [lmen |l p.
/ dy*efde = (1= p) ' d}/* (en”|lmalp) "7,
0
which does not depend on «,¢. This further implies

dy? card(Ay) x  sup I (6, Frilal, La(P.))
aeA,,1<i<d,[a]

< (1= ) e Py /card(Ag) (™ )"
1-p
=(1—p)te' (d% card(Ay)"/? n‘”'m"“f’*)
—0 &

where the last limit is due to (10) in Assumption 5.
|
We next prove the second key technical lemma.
Lemma 7: Suppose that Assumptions 1-6 hold. Assume that the map 6 — FE,4,(+,0;«) is differentiable at a
0 for all n. Then we have

\/ﬁ(én[a]—aﬁ[a])z—{‘/ (05 [a); )t + vinfal}-
le/’n zi, Op[al; ) + v2n[al

where 11 ,[a] is a positive semidefinite matrix and v ,[a] is a vector such that sup,c 4 [|v1n[c]|| =, 0 and
SWaea, [V2n[a]] =5 0
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Proof: By the definitions of 8% and 8,,, we have

- _Gn'lpbn( ]a Oé)
= ~Gn¥u(-, 0 las @) + vy (40)
where the last equality is due to Lemma 6, and ||1/nH = 0p(1),

From the differentiability of the map 6 — E, ), (-, 0; ), there exists 0[] such that ||@[a] — 6 [o]|| < ||0n]e] —
0} [a]||, and
E{tpn(-, 05 [0]; @) = 9n(-, u[0]; @)}
= VoE{¢n(-, 0laf; )} (6],
= Va(6a]; ) (6,0 — nla]), 4D
where the exchangeability of integral and differentiation (in the second identity) is guaranteed by (8) and (9) in
Assumption 5. Multiplying the matrix \/nV,(8[a]; a)~! to both sides of (41) and using equality (40), we have
Vi(0n]o] — 6%[a]) = — V(0[] @) " Gptpn (-, 0% al; ) + Vi (8]; ) " o (42)

We conclude the proof by applying Assumption 4 (with the constant co) and (12) in Assumption 6 to equality (42).
|
Proof of Theorem 1
In order to prove that the minimum of £¢[«] asymptotically approaches the minimum of £, [a] (in the sense of
Definition 3), we only need to prove that L [co]/Ly]a] = 1+ o0,(1) where 0p(1) is uniform in o € A,,. In other
words,

up | Zal0] = £alo]

acA, Ln[a]
Recall the definition of R, [«]. It further suffices to prove that
Lila] = Lala]

—p 0.

su — 0, 43
ae}l)n Rn[a] b ( )
and
Ln[a]
u —p 1. 44
2 Rafa] 7 @

By the definition of loss £,[«] and Taylor expansion, we have for each o € A,

Lnlo] = E.ln(z,0,[0]; )

A 0 1 -
= B.lu(2,6;[0):0) + (8ala] — 6} [0])" = Bulu(2, 03l @) + 510ala] = 6311l 1, (- o
1 .
= Bulu(=, 03[0l @) + 3 [0xla] = 03[0l 2, 51,1 (45)

where 0]a] in the second equality is a vector satisfying ||0]a] — 0%[a]|| < ||6.]o] — 6%[a]||, and the exchangeability

of expectation and differentiation in the third equality is guaranteed by (9) in Assumption 5, and the consistency

of 6, [a]. We note that by Assumption 4, the equality (45) further implies (4) presented in our introduction.
Similarly, we have

1 & .
= Zln(z,-,en[oz] @)
=1
" 1

- % > la(zi,0,[al; @) + (o] - ez[a])T% > (2, 05[al; ) + 2‘
=1

i=1

2

0,[0] — 6;[a] (46)

V.. (8la))
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From identities (45) and (46), we may write

~

Lalo] = £alo] - ;tr{ffn(én[a]; &) V(o) a)}
= Asla] + Asa] + As[a] + Agla]
where we define

14 2

1 n
= ==Y {la(2i,6;;0) = Euln(z,6;[a]; )}
n
i=1

Asla] = Tll{tr{Vn(O,’;[a];oz)_lJn(G;';[a];a)} — tr{ V(6 ]a]; oa)_ljn(én[a];a)}}
Aglo] = —(8ulo an (21, 03l0]s0) — ir{Va(B3fal; 0) (O ] o)}
In view of (43), it suffices to prove that
| Aglef|
wek, Rala] " ! @0

as n — oo for k = 3,4,5,6, and the limit (44).
By the n"-consistency of 6, [«] uniformly over A,, (Lemma 1) and Assumption 6,

aup sl _ g 1T
acA, Rula]  aca, 2Rula] Yn Vo (8[a);0)— V. (8]a])

where sup,¢c 4 [[vn|| = Op(1). Thus, given assumption (14), (47) with k = 3 can be proved.
By Chebyshev’s inequality, for any positive constant § > 0, we have

|Aa[a] >
P, >4
<§£E,L Rala]

-5 (1]

a€A,
E E * . 2m
< E {l zlu 2 2 l (z20n[a]7a)} ) (48)
L R

Thus, given assumption (16), (47) with k£ = 4 can be proved.
For brevity, we temporarily denote

Va(6;]a]; @), Va(8alal;a), Ju(8;[al; ), and Ju(8,a]; a)

respectively by R R
Vial, Via], J]a], and J[a].

Then
V]~ J[a]} — r{V[a] " [a]}
= ir{V[a] ™ (J[a] = J[a))} + or{(V[a] " = V[a] ") J[a]}.

To prove (47) with k = 5, we only need to show that

sup ————1r{V[a] "1 (J[a] — J[a])} =, 0, (49)
acA, nR [ ]
sup ———1r{(V[a] ™t = V[a] 1) J[a]} =, 0. (50)

acA, nRny [ ]
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We only prove (49), and then (50) follows similar arguments. Suppose that z is a A(0,[) random variable
of dimension d,[a], and V[a]~/2 is a positive semidefinite matrix whose square equals V'[a]~'. Because of
Assumption 4 and 5, (49) could be rewritten as

ae, mE{zTV[a]_l/2(J[a] - j[a])V[a]—l/Qz}
=oo(D) 3p BVl ™22

= 0p(1) asélf nRi[a} E| z|?

= 0p(1) sup dno] —, 0

aeA, MRyl
where the first equality is due to (11) in Assumption 6, the second equality is due to Assumption 4, and the last
equality is guaranteed by assumption (15).
Next, we prove (47) with k£ = 6. Applying Lemma 7, we could rewrite
| As[]]
Rala]

= A7[O¢] + AS[a] + Ag[a],

where we define

a0l g gy — i Va (O30 )L (O [0 )}

Arla] = : TRl ,
o] = L, o) Pl enl

Using assumption (17) and similar arguments as in (48), we can prove limsup,¢ 4 |A7[a]| —; 0. Similarly, because
lwn[e]]®
A =0p(1)——+
’ S[Oé” OP( ) an[(X]
where op(1) is uniform in A,, assumption (18) guarantees that sup,. 4 Ag[a] —, 0. Cauchy inequality and

assumption (18) also imply that

2] || X [[wno]||
sup |Aglal| < sup :
acA,, | [ ]| a€cA, nRy [a]

—p 0. (51)

Finally, we prove (44). From (45) and 7-consistency of 0, [, we have

~

Lnla] = By (-, 0,]a]; @)
— Eudu(03[alia) + 020 (1)
where O (1) is uniformly in A,,. Therefore

b Lpla] 1+ sup Lnla] — EvLy[al
acA, Rn[a] acA, Rn[a]

=14 Oy(1) sup

— —, 1.
a€A, HQTRH [a] i

APPENDIX B
PROOF OF COROLLARY 1

A sketch of the proof is outlined below. We only need to verify Assumptions 2 to 7. Assumption 4 is implied by
the assumption that X are independent and V,,(0}; o) = 2%,, = 2I. Due to the boundedness condition ||} [c]|| =
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1(Zzza]) 712 ua]|| < ev/d,, for some constant c. We choose H,[a] to be {8 € R¥:[) . ||0 — 0 [a]|| < cv/d,}.
We choose any fixed 7 satisfying

¢ 1
2w, = < = —w. 2
max{ w,2 <7'_2 w (52)

For Assumption 2,
E*en(; 0; 04) - E*£n(7 9:1[05]7 a) = HO - GZ[Q]H%M[Q} > 82

for all [|0—0;[o]|| > . Moreover, E, 0y, (-, 0; ) — Exly (-, 0; o) has mean 0 and variance n~ ! Var{(Y —0" X [a])?} =
O(d? /n) = o(1) uniformly in 8 € H,[a] and o € A,.

For Assumption 3, E, 1, (-, 0; a) — E., (-, 0; a) has mean zero and covariance n~'Var{(Y — 0" X [a]) X[a]"}.
Let A= E{(Y — 07" X[a])?X[a]X[a]"}. Let ||| denote the Frobenius norm. Since

n~'Var{(Y — 0" X [o]) X [o]"}

\ < n 1))

=n"'0(d,)|| EA{X[a] X [a]"}|
< n'0(dy)| EAX[a]X[o]"}HF < n'O(d2)

uniformly in 6 € H,[a] and « € A,,. Thus any 7 satisfying (52) suffices.
For Assumption 5,

[%n (2,015 @) — n(z, 02; )| = [ X[a] X[a]" (61 — 62)]]
< [ X[ X[e]" [ £ (|61 — 02| < cdn[|61 — 62]].

So my,[a] = cd,, suffices. This together with the condition 2w < 7 implies (10).

For Assumption 6, similar as before, it can be shown that ||.J,(8;a) — J,(8;a)| = O(n~'/2d?) = o(1), and
|V (6; @) — Vo (6; @)|| = o(1) uniformly in 6 € H,[a] and a € A,. Also, V,,(8%;a) — V,,(0;a) = 0.

For Assumption 7, (14) is implied by (/2 < 7, and (15) is implied by { < 1 — w. Since

Bl (03 [a];a) — Eudy(-05[0];0)}
< E{l(- 03 [a];0)} = O(d2),

(16) holds under m; = 1 and { < 1 — w. Similar calculations as before show that (17) and (18) are implied by
¢ <1—=2wand my =mg = 1.

APPENDIX C
PROOF OF THEOREM 2

First, we introduce the concept of “compound experts”. A compound expert is defined as an expert sequence
(i1,12,...,i7) whose size < k with some prescribed & > 0. Then in order to tackle the problem of “tracking
the best expert”’, we could simply apply the exponentially re-weighting algorithm over all the possible compound
experts, which can yield provable tight regret bounds. The reason why this simple strategy is not used in practice
is that the number of compound experts is usually too large to manage, while the fixed share algorithm greatly
reduces the computational complexity and has similar regret bounds.

For our extension of “tracking the best expert” with graphical transitional constraints, following a similar proving
strategy used in [71, Chapter 5], we first prove an equivalence between the results of the exponentially re-weighting
algorithm over compound experts and the algorithm that we propose, and then apply the regret bound for the former
algorithm directly.

The exponentially re-weighting algorithm that we are considering here is as follows. At each time ¢t =0,1,...,7,
the distribution over the compound experts is maintained by wy (i1, i2,...,i7) (not necessarily normalized) for all
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the sequences (i1, %2, ..., ir). The initial distribution is

wy (i1, 92, . .., i7)
= w( (i1 )wf (ie]i1)wh (i3i1, i2) - - - wh (ir|i, . -y ir—1)
w (i1)wp (2]in)wh (isliz) - - - wo(ir|ir—1)
T-1
=wp(i1) | | woliesalic)
t=1
T-1
= 1Z‘1=1 H |:(1 - K‘Bit)]‘itJrl:it + K’B’L’t,’it+1 1’it+1¢it ’
t=1

where the second equality is due to Markovian property. This initial distribution over compound experts en-
sures that only the “valid” expert sequences (those follow graphical transitions) have positive probabilities. Based

on the exponentially re-weighting updating rule, the distribution at each time instant ¢ = 1,2,...,7T becomes
wh(in, i, .. .y i7) = wh(i1, iz, - . ., i7) exp(—n L 1(is, 25)).

Marginally, at time £,

/ /- . . .
w; = Z Wy (81« vy By Upg 2y ooy 07).
TR PR TS 7

Then we have p;, = w; ,/W; with W} = Z;V | Wiy and pZO w; o = 1i=1. The exponentially forecaster draws
action according to expert ¢ at time ¢t + 1 with probability p%t

Lemma 8: For all k € (0,1/D), for any sequence of T outcomes, and for all t = 0,1,...,7T, the predictive
distribution p;; for 7 = 1, ..., N generated by our proposed Algorithm 1 is the same as the predictive distribution

p;,t for s = 1,..., N that is maintained by the special exponentially re-weighting algorithm described above.
Proof: Tt is enough to show that for all i and ¢, w;¢ = wj,. We proceed by induction on ¢. For ¢ = 0,
wi o = wl’~70 = 1;—1 for all 7. For the induction step, assume that w; s = w; , for all 7 and all s <t. We then have

! /- . .. .
Wiy = g W01y ey Tty 0y Ggg2y - - oy IT)

iseenstsle42y-0 00T

= Z —WZQ 1 (s, 2 )X

TR A P

WH(I1, -+« + 38y 0y 4425 - - 0T)
- Z € 7729 ! ZMZL") (7’17"'7%77:)
’Ll,
]/ . .
= Z e Uiz )y (zl,...,it)w
w (i, ..., i)
7/17
= Z e_nzq 1 12 ) (’ll,.~,it)><
7,1,

[(1 — &6, ) Li=i, + fﬁﬁit,ili#it:|

Z e Minze) exp( nZl zs,zs)

’Ll,

w (i1, .. ., 0t) [(1 — KB4, ) Li=i, + Hﬁit,ili;ﬁit]

= Z efﬂl(it,zt)wghtil [(1 — kB, ) Lizi, + ﬂﬁit,ili;éit:| .
%
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By induction hypothesis, wé}t further equals

Z €_Ul(it,zt)wit7t_1 |:(1 — Kﬁit)li:it + ’fﬁit,ili#it]
it
= Vi1 [(1 — KB, ) Li=i, + Rﬁit,ilz;sz’t]
it

N
= (1—kBi)vit + HZ Bjivje = Wiy
j=1
where the last equality is by 5;; = 0. ]
Lemma 9: For all T > 1, if [ € [0,1] and we run the exponentially weighted forecaster over compound experts
as described before, we will have

EZp;tlzzt n%—l—nT

t=1 i=1
Proof: First, notice that

N
Wy :ng,t
i=1
N N
/- P .
:Z Z W01y« ey 0ty 0y G442y« -+ IT)

=1 61 eeslpsitsyeensir

= Z wg(il, cee ,iT).

U1yeensdr

Then, we also have

N

! 7/ -

P',tl(%zt U(it, zt)
Do) = B

. ‘ A i wtfl(/il)---,’llT)
- Z l(lt zt) Zl ..... L—t1,bt41,.-0T

t
. )
wy(i1, ... 7).
= E T T (5, 2).
L W/, (i4, 2¢)
1154501

Then we can directly apply Lemma 5.1 in [71, Chapter 5] by noticing that W = 1. [ ]

Proof of Theorem 2
Proof: According to Lemma 8, it is equivalent to prove the bound for the equivalent exponentially weighted
forecaster. There we have

wg (i1, - - iT)
= 7,1—1 H |: ﬁﬁzf Toy1=1¢ + ﬁﬁlt7lt+1 1z,+17£zt:|

2( —%D)T k— 1/€k

for all the sequence (i1, ...,ir) with size < k and transitions restricted on the graph.
Also, we have

I whp(in, ... i) = Wwy(is, ... ir) —n Y Ui, z).



And W} > w.(i1,...,4r). Then by Lemma 9 and some simple manipulations, we obtain

i(ﬁ; (i, ze)pie — Uiy, zt)>

t=

1 1 1 1 T
< (T-k-1)1 Zklog — 4+ n—.
= ( )Ogl_ﬁD'i‘n 0gl€+n8

3
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